
Maths Notes for first year Engineers

9. Gauss Elimination

Joe Gildea

Loukas Zagkos

c© 2019



Copyright

Material contained in this document, including text and images, is protected by copyright. It may
not be copied, reproduced, republished, downloaded, posted or transmitted in any way except for
your own personal, educational use. Prior written consent of the copyright holder must be obtained
for any other use of material. Copyright in this material remains with the copyright owner(s) as
specified. No part of this document may be distributed or copied for any commercial purpose.



Chapter 9

Linear Algebra

9.1 Solving Systems of Equations (Gaussian Elimination)

Here we present an algorithm for solving systems of linear equations. We can write all the infor-
mation from a system of linear equations in just one matrix, called the augmented matrix of the
linear system.

Example 9.1 Consider the system of equations:

x− 2y + 3z = 9

−x + 3y = −4

2x− 5y + 5z = 17

The corresponding augmented matrix to this system is

 1 −2 3 9
−1 3 0 −4
2 −5 5 17

.

If we apply the following operations to the augmented matrix, we will not change the solution set:

1. Multiply a row by a non-zero constant.

2. Swap two rows.

3. Add a multiple of one row to another row.

There three operations are called elementary row operations. Note that if one did not like
dealing with fractions, we can combine some of the elementary row operations to get:

4. Add a multiple of one row to a multiple of another row.

Example 9.2 Use row operations to solve the following system of equations:

x + 2y = 1

2x + 3y = 2.
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The corresponding augmented matrix is:

(
1 2 1
2 3 2

)
. Now we use row operations to solve the

system of equations.(
1 2 1
2 3 2

)
∼
(

1 2 1
0 −1 0

)
r2 − 2r1

Add the 2nd row to -2 times the 1st row.

∼
(

1 0 1
0 −1 0

)
r1 + 2r2 Add the 1st row to 2 times the 2nd row.

∼
(

1 0 1
0 1 0

)
r2 ×−1

Multiply the 2nd row by −1.

Therefore 1 · x + 0 · y = 1 =⇒ x = 1 and 0 · x + 1 · y = 0 =⇒ y = 0. i.e. (x, y) = (1, 0).

Example 9.3 Consider the system of equations:

x− 2y + 3z = 9

−x + 3y = −4

2x− 5y + 5z = 17

The corresponding augmented matrix to this system is

 1 −2 3 9
−1 3 0 −4
2 −5 5 17

. Now we use row

operations to solve the system of equations. 1 −2 3 9
−1 3 0 −4
2 −5 5 17

 ∼
 1 −2 3 9

0 1 3 5
0 −1 −1 −1

 r1 + r2
r3 − 2r1

∼

 1 −2 3 9
0 1 3 5
0 0 2 4


r2 + r3

∼

 1 −2 3 9
0 1 3 5
0 0 1 2


r3/2

∼

 1 −2 0 3
0 1 0 −1
0 0 1 2

 r1 − 3r3
r2 − 3r3

∼

 1 0 0 1
0 1 0 −1
0 0 1 2

 r1 + 2r2
.

Therefore (x, y, z) = (1,−1, 2).

Definition 9.4 A matrix is in reduced row-echelon form when:



CHAPTER 9. LINEAR ALGEBRA 4

1. If a row is not all zeros then it’s first non-zero entry is 1 (called a leading).

2. If there are any rows of zeros, they appear at the bottom of the matrix.

3. If any two consequetive rows do not consist entirely of zeros then the leading 1 of the 2nd row
is to the right of the leading 1 in the 1st row.

4. Each column containing a leading 1 had zeros everywhere else.

If a matrix satisfies 1., 2. 3. and 4. then we say that it is in row-echelon form.

Definition 9.5 A system of equations is called consistent if it has at least one solution. Otherwise
it is called inconsistent.

Example 9.6

 1 0
0 1
0 0

 is an augmented matrix in reduced row-echelon form. We have that 1·x =

0 =⇒ x = 0, 0 · x = 1 =⇒ 0 = 1, which is a contradiction, therefore this system has no solution
(i.e. it is inconsistent).

Example 9.7

 1 2 0 0 0 2
0 0 1 0 0 3
0 0 0 0 1 4

 is an augmented matrix in reduced row-echelon form.

Example 9.8

 1 2 5 0 0 2
0 0 1 0 0 3
0 0 0 0 1 4

 is an augmented matrix in row-echelon form.

Definition 9.9 A variable is called a leading variable if it corresponds to a leading 1 in a row-
echelon form of the augmented matrix. Otherwise it is called a free variable.

Example 9.10 Use Gaussian elimination to solve the following system:

x1 + 2x2 + x3 = 3

2x1 + 5x2 + 7x3 = 8.

(
1 2 1 3
2 5 7 8

)
∼
(

1 2 1 3
0 1 5 2

)
r2 − 2r1

∼
(

1 0 −9 −1
0 1 5 2

)
r1 − 2r2 .

The leading variables are x1 and x2. The free variable is x3. Let x3 = t. Therefore

• x1 − 9t = −1 =⇒ x1 = −1− 9t.

• x2 + 5t = 2 =⇒ x2 = 2− 5t.

The solution set is (x1, x2, x3) = (−1− 9t, 2− 5t, t).
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Example 9.11 Consider the system of equations:

2y + z = −8

x− 2y − 3z = 0

−x + y + 2z = 3

The corresponding augmented matrix to this system is

 0 2 1 −8
1 −2 −3 0
−1 1 2 3

. Now we use row

operations to solve the system of equations. 0 2 1 −8
1 −2 −3 0
−1 1 2 3

 ∼
 1 −2 −3 0

0 2 1 −8
−1 1 2 3

 swap r1
and r2

∼

 1 −2 −3 0
0 2 1 −8
0 −1 −1 3


r3 + r1

∼

 1 −2 −3 0
0 −1 −1 3
0 2 1 −8

 swap r2
and r3

∼

 1 −2 −3 0
0 −1 −1 31
0 0 −1 −2


r3 + 2r2

∼

 1 −2 0 6
0 −1 0 5
0 0 −1 −2

 r1 − 3r3
r2 − r3

∼

 1 0 0 −4
0 −1 0 5
0 0 −1 −2

 r1 − 2r2

∼

 1 0 0 −4
0 1 0 −5
0 0 1 2

 r2 ×−1
r3 ×−1

.

Therefore (x, y, z) = (−4,−5, 2).



CHAPTER 9. LINEAR ALGEBRA 6

Exercises

Q1 Solve the following system using Gauss Elimination:

x− 2y + 3z = 7

2x + y + z = 4

−3x + 2y − 2z = −10

Q2 Solve the following system using Gauss Elimination:

2x− 4y + 5z = −33

4x− y = −5

−2x + 2y − 3z = 19

Q3 Solve the following system using Gauss Elimination:

x1 − x2 − x3 + 2x4 = 0

2x1 + x2 − x3 + 2x4 = 8

x1 − 3x2 + 2x3 + 7x4 = 2

Q4 Solve the following system using Gauss Elimination:

x1 − x2 − x3 + 2x4 = 0

2x1 + x2 − x3 + 2x4 = 8

x1 − 3x2 + 2x3 + 7x4 = 2

x1 − x2 + x3 − x4 = −6
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Answers

Q1 x = 2, y = −1 and z = 1.

Q2 x = −1

2
, y = 3 and z = −4.

Q3 (x1, x2, x3, x4) = (4− 2t, 2 + t, 2− t, t).

Q4 x1 = 0, x2 = 4, x3 = 0 and x4 = 2.


