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Chapter 9

Linear Algebra

9.1 Solving Systems of Equations (Gaussian Elimination)

Here we present an algorithm for solving systems of linear equations. We can write all the infor-
mation from a system of linear equations in just one matrix, called the augmented matrix of the
linear system.

Example 9.1 Consider the system of equations:

rT—2y+32=9
-z + 3y =—4
20 — by + 5z =17

1 =2 3|9
The corresponding augmented matrix to this systemis | —1 3 0| —4
2 =5 5|17

If we apply the following operations to the augmented matrix, we will not change the solution set:
1. Multiply a row by a non-zero constant.
2. Swap two rows.
3. Add a multiple of one row to another row.

There three operations are called elementary row operations. Note that if one did not like
dealing with fractions, we can combine some of the elementary row operations to get:

4. Add a multiple of one row to a multiple of another row.
Example 9.2 Use row operations to solve the following system of equations:

r+2y=1
20 + 3y = 2.
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The corresponding augmented matrix is: ( 9 319 > Now we use row operations to solve the

system of equations.

1 211 1 211 .
(2 32)~<0 1 O) ry — 21y Add the 2nd row to -2 times the 1st row.

~ ( é _01 (1) ) rt2rp Add the 1st row to 2 times the 2nd row.

1 0|1 ‘
~ ( > Py % —1 Multiply the 2nd row by —1.

Therefore 1 -2 4+0-y=1=z=1and0-2+1-y=0=y=0. i.e. (z,y)=(1,0).
Example 9.3 Consider the system of equations:
r—2y+32=9

—x + 3y =—4
20 — by + 52 =17

1 -2 3|9
The corresponding augmented matrix to this system 1s -1 3 0]—-4 |. Now we use row
2 =5 5|17
operations to solve the system of equations.
1 =2 3|9 1 -2 3|9
—1 3 0| —4 ~ 0 1 3 5 T1 + (]
2 -5 5|17 0 -1 —-1|-1 7’3—27’1
1 -2 319
~1 0 1 3|5
0O 0 2|4 T9 + T3
1 -2 319
~1 0 1 3|5
0 112 r3/2
1 -2 0 3 r — 37"3
~ O 1 O —1 o — 37’3
0 0 1| 2
1 0 01 r1+ 21
~1 01 0]-1
0 0 1] 2

Therefore (x,y,z) = (1,—1,2).

Definition 9.4 A matriz is in reduced row-echelon form when:



CHAPTER 9. LINEAR ALGEBRA 4

1. If a row is not all zeros then it’s first non-zero entry is 1 (called a leading).
2. If there are any rows of zeros, they appear at the bottom of the matriz.

3. If any two consequetive rows do not consist entirely of zeros then the leading 1 of the 2nd row
1s to the right of the leading 1 in the 1st row.

4. Fach column containing a leading 1 had zeros everywhere else.

If a matriz satisfies 1., 2. 3. and 4. then we say that it is in row-echelon form.

Definition 9.5 A system of equations is called consistent if it has at least one solution. Otherwise
it is called tnconsistent.

110
Example 9.6 01 | isan augmented matriz in reduced row-echelon form. We have that 1-x =
00
0= 2=0,0-2=1= 0= 1, which is a contradiction, therefore this system has no solution
(i.e. it is inconsistent).

1200 0|2
0 1 0 0]3 | isan augmented matrix in reduced row-echelon form.
000 1[4

e}

Example 9.7

e}

—_

250 0|2
0 1 0 0]3 | is an augmented matrix in row-echelon form.
00 0O0 1|4

e}

Example 9.8

Definition 9.9 A wvariable is called o leading variable if it corresponds to a leading 1 in a row-
echelon form of the augmented matriz. Otherwise it is called a free variable.

Example 9.10 Use Gaussian elimination to solve the following system:

Ty + 279 + 23 =3
2I1+5$2+7JJ3 = 8.

1 2 1|3 1 2 1|3
2 5 7|8 01 5|2 ) ro—2n
1 0 -9|-1 T — 27“2
01 5|2 '
The leading variables are x1 and xo. The free variable is x3. Let x3 =t. Therefore
o1 — 9 =—-1—=2,=—-1-9t.

® Ty +5t=2=— 19 =2—5t.

The solution set is (x1,x2,x3) = (—1 — 9¢,2 — 5t, t).
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Example 9.11 Consider the system of equations:

2y + 2= -8
r—2y—32=0
—x+y+2z2=3
0o 2 1 |-8
The corresponding augmented matrix to this system is 1 -2 =310
-1 1 2|3
operations to solve the system of equations.
0 2 1 |-8 1 -2 =310 swap 71
1 -2 -3|0 ~ 0 2 1 | -8 and 9
-1 1 2|3 -1 1 2|3

-1 -1 3 T3+ 171

-1 —-1] 3 swap T
2 1 |-8 and r3

r3 + 2719

—2 0 6 7’1—37”3
—1 0 5 To — T3

0 0|4 1 — 279

OO OO, OOk, OO, OO, O o+
(e}
|
—
|
[\

Therefore (x,y,z) = (—4,—5,2).

. Now we use row



CHAPTER 9. LINEAR ALGEBRA

Exercises

Q1 Solve the following system using Gauss Elimination:

T—2y+32=7
2e+y+z=4
—3r+ 2y —2z=-10

Q2 Solve the following system using Gauss Elimination:

2x — 4y + 52 = —33
dr —y=—5
—2x+2y—32=19

Q3 Solve the following system using Gauss Elimination:

$1—$2—$3+2I4:0
201 + 9 — x3 + 224 = 8
$1—3$2+2I3+7ZE4:2

Q4 Solve the following system using Gauss Elimination:

$1—[L'2—ZL‘3—|—2£L‘4:O
2$1+JZ2—$3+2I4:8
L1 — 3Tg + 225+ Txy =2

1'1—1E2+l‘3—$4:—6
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Answers

Qlz=2y=—1and z = 1.

1
Q2x:—§,y:3andz:—4.
Q3 (1'1,1’2,1'3,1'4) = (4_2t72+t72_t7t)

Q4 2,=0,29 =4,23 =0 and x4 = 2.



