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Chapter 5

Differential Equations

Definition 5.1 A differential equation is an equation that describes a relationship between a func-
tion and the derivatives of that function. The order of the highest derivative in the differential
equation defines the order of the differential equation.

d
Example 5.2 d—y =y is an example of a first order differential equation.
x

d2
Example 5.3 d—z = % 15 an example of a second order differential equation.
x x
In this chapter we will discuss standard methods for solving first and second order differential

equations. We will deal with three types of first order differential equations:
1. First Order-Separable
2. First Order-Homogeneous
3. First Order-Linear.
Also we will look at two types of second order differential equations:
1. Second Order-Homogeneous

2. Second Order-Non Homogeneous.

5.1 First Order-Separable

d [(z
A first order separable equation takes the form d—y = % where [ is a function of x and A is a
€z Y
function of y. When solving equations of this form, we manipulate the equation such that all the
z-terms are on one side of the equation and the y-terms are on the other. Note that in doing this
we must ensure that dy and dz are both above the line. At this point, we integrate both sides and

solve for y. i.e.

dy  Il(x)
Ft ) = h(y)dy = l(z) de = /h(y) dy = /l(m) dx.
3
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Example 5.4 Solve the first order separable differential equation d—y = 6y’ subject to y(0) = 1.
x

Solution.

d
/y_g :/6$d:£
/dey—/fixd:c

-1
[y_—l] =32 +c

1 2
——=3z"+c
Y

_ 1
y= 322+ ¢

ye) == (3x21—|— c>

When we apply our initial condition (y(0) = 1), this will enable us to find c.

1 1
N=—(— 1=—(-= -1
y(0) (3<0>2+c)<:’ (c)‘:”
Therefore
@=-(52—5) =1
I ="\3:2 1) 1-322

d 2y —4
Example 5.5 Solve ﬁ = .ilzxy—j%y given that y(0) = 100.
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Solution.
dy 2y —4y
dr  z+2
dy  y(z® —4)
dr  1+2
dy _y(e=2)(x+2)
do T+2
dy
= = -2
- y(r —2)

[9- o

2
ln|y|:%—2x+c

y(z) = Aez 2 where A = .

Now y(0) = 100, thus

y(0) = Ae 2 20— 100 = Ae’ <= A = 100.

Therefore
902
y(r) =100ez 2"

d 1
Example 5.6 Solve xd—y = 3y + 10, given that y(1) = -3
x

Solution.
d
22— 3y 410
dx
/ dy  [dx
3y+10 ) =«
In |3 10
% o]+ e
3y + 10 = 631n|z\+3c
3y _ 6111|:53|e3c —~10
3y = Az® — 10
(2) Ax3 10
)= —— —
Y 3 3
1 1 A 10 9 A 10
If y(].) = —g, then —g = g — ? — g = g — A = 97 therefore y(l’) = 3.T3 — ?
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Exercises 3.1

Q1 Solve the following first order separable differential equations:

dy x
(i) 7 ="
y
(i) &~ ¥
11 ddl‘_x—f—Q.
(iii) i y % sin 2.

5.2 First Order-Homogeneous

Definition 5.7 A homogeneous function is a function where the sum of the powers of every term
are equal.

Example 5.8 f(z,y) = = +y, g(z,y) = 2> + zy + 11y* and h(z,y) = 2* + 2>y + zy* + Ty° are
examples of homogeneous equations of degree 1, 2 and 3 respectively.

Example 5.9 f(z,y) = 2? +vy, g(x,y) = 2>+ x + 8y* are not examples of homogeneous equations.
A homogeneous first order differential equation is an equation that takes the form:

dy _ f(z,y)
dr  g(z,y)

where f(x,y) and g(z,y) are homogeneous functions of the same degree.
When solving differential equations of this type we do the following:

1. Let y = vx.

d d
2. By the product rule, Y v+ x—v.
dx dx

d d
3. Replace y with vz and d_y with v + xd—v in the original equation. After this substitution, this

will transform the Homogeneous into a separable differential equation.

4. Solve this differential equation for v (in terms of x).

5. Let v = Y 4o obtain y in terms of x.
x

d
Example 5.10 Solve d—y = x_%—y’ given that y(1) = 2.
x x
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d d
Solution. Let y = vz, then Yy + + 22
dx dx
dy _aty
de  x
d
v+$_v _ T +vx 3]

If y(1) = 2, then 2 = 1(In(1) + ¢) = ¢ = 2, therefore y(x) = z(In |z| + 2).

d —y? 1
Example 5.11 Solve Yty , given that y(1) = =.
dx x? 2

d d
Solution. Let y = vz, then Y _ + + 22
dx dx
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—=1Inl|z|+c¢
v
1
V=
In|z|+ ¢
y 1
r  Injz|+ec
oz
™ |z| + ¢
If y(1) = %, then ot = ¢ = 2, therefore y(z) = A
A 2 In(l)+c 7 Y CInjz|+2°
d 2 2
Example 5.12 Solve 4 _ w, given that y(1) = 3.
dx xy — x?

d
Solution. Let y = vz, then Y _ + oty
dx dz
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@_yQ—xy—i-xz

dx xy — x?

dv  z*0* —z%v + 22
v—i—x%— x20 — a2

dv _02—v+1
U+x@_—v—1

dv v —v+1

x%: v—1 — v

dv 1

x%—v—l

/v—ldv: d_x
T
02

R |
5~V nlx| +c

v? — 20 = 2In|z| + 2c
v — 20 — (2In|z| + 2¢) = 0.

Let a=1,b=—2and ¢ = —(2In|z| + 2¢). Then

. —(=2) & /4 —4(1)(—(21In|z| + 2¢))
2(1)
24 /44 4(2In|z] + 2¢)
2
_ 2+ V414 2In(z]+2¢
B 2
~ 242y/1+2In]z|+2¢
B 2
=1++/1+2In|z|+ 2c.

Now v = g, thus,
x

=14 +/1+2Inz|+2¢c

y
x
y=2(1++/1+2In|z| + 2c)
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y(1) = 3, therefore

3=1(1++/1+2In1]+2¢)

3=1+v1+2c
2==+V1+2c
4=1+2c square both sides
3
c=3-
Therefore y = x(1 £ \/4+ 21n |z]). &

Exercises 3.2

Q1 Solve the following first order homogeneous differential equations:

0 dy 2+ 1>

i) -2 = .

dx 2

(i) dy  xy? + 2%y

i) 2 =22~ 2
dx 3

5.3 First Order-Linear

A linear first order differential equation takes the form:

dy

- +p(@y=q(z) or ¥ +p(r)y = q()

where p and ¢ are functions of x.
When solving equations of this type, we do the following:

1. Identify p(z) and ¢(z).
2. Calculate p(z) (the integrating factor) where p(x) = e/ P(®)dz,

3. Calculate y(z) where

Example 5.13 Solve y — 2 = z%".

Solution.
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fmmm@:C;>¢@:ﬁ&umm

2 _ 1
plx) = o (F)dr — o=2/(3)dw _ g=2Mle] _ gnla™® _ 52 _ ok 2]
Therefore
1
y(x) = m/ﬂ(x)Q(m) dx
1 1,
= — | —z°ed 3
I% / —reds 3]
= xQ/eI dx
= g2 [em + c}.
&
2 dy 2 —2z
Example 5.14 Solve z T + (2% 4 3x)y = xe” .
T
Solution.
xQQ + (20% + 32)y = ze >
dx
d 3 —2x
d—y + (2 + —) = ¢ divide across by z?
T T T
Then p(x) = (242 ), g(x) T and
en = — T) = an
p 7 ) q T
p(l’) _ ef(Q—f—%)da: _ e(2:1:Jr31n:):) — eQxelnx3 — 621373.
Therefore
1
y(r) = M/P(@Q(-%) dx
1 .
= = /62%33:62”” dz
ey
1 2
= o /x dx
1 |a?
T oa3e2e | 3 te
&

d
Example 5.15 Solve xd—y — 4y = 2° cos(5x).
T
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Solution.
d
x% — 4y = 2° cos(57)
d 4
o9 _ 2 2 cos(5x) divide across by x
dx T

dy 4\ 4
%—l—y( x)x cos(5x)

Then p(z) = (%) o(z) = 2" cos(5z) and

p(x) = oJ () de _ ~4f(3)de _ ~4lnfa| _ Jnle~t) _ -4 _ L

Therefore

y(m)—pgj/m()

1
= 14 4x cos 5x

T

=z / cos 5x
[sm }
=z

Exercises 3.3

Q1 Solve the following linear first order differential equations:

(i) % + 4oy = x.

5.4 Second Order-Homogeneous

A homogeneous second order differential equation takes the form:

d
a——>+b—=4+cy=0 (o)
T T

where a, b and ¢ are constants.
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2

d
With every differential equation of the form ad—‘z + bd—y + cy = 0, there exists a corresponding
x x
auxiliary equation (am? + bm + ¢ = 0). Clearly there are 3 possibilities for the solutions of a

quadratic equation (real, equal or imaginary roots). Depending on the solutions of the auxiliary
equation, they will dictate the form of the solution to the homogeneous second order differential
equation (o).

e If the roots of the Auxiliary equation are real (i.e. say m; and my), the solution (o) is
y(x) = Ae™® 4 Be™?*®
where A and B are constants.
e If the roots of the Auxiliary equation are equal (i.e. say m), the solution (¢) is
y(@) = (A + Ba)
where A and B are constants.

e If the roots of the Auxiliary equation are imaginary (i.e. say m = « =+ i), the solution (¢) is
y(zr) = e (A; cos(fx) + Agsin(fSx))

where A; and A, are constants.

2

d d
Example 5.16 Solve eyt 6y = 0.
dz? dx

Solution. The Auxiliary equation is: m? —m — 6 = 0. The solutions to this equations are:
m*—m—-6=0= (m—-3)(m+2)=0=m=3, m=-2.

Therefore
y(z) = A’ 4 Be %",

d? d
Example 5.17 Solve d—z - 4d_y + 4y = 0, given that y(0) =1 and y'(0) = 0.
x x

Solution. The Auxiliary equation is: m? — 4m + 4 = 0. The solutions to this equations are:
m?> —4dm+4=0= (m—2)(m—2)=0=m =2.

Therefore
y(r) = e**(A + Bx).

Now we shall use the initail conditions provided to calculate A and B. y(0) = 1 = 1 =
e"(A + B(0)) = A =1, therefore y(z) = ¢**(1 + Bx).
Now ¢/(z) = €**(B)+(A+ Bx)2¢* and y/(0) = 0. Thus B + (1 +0)(2) = 0 = B = —2. Therefore
y(x) = e*(1 — 2x).
)
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d? d
Example 5.18 Solve d—‘z — 2d—y + 26y = 0, given that y(0) =1 and y'(0) = 0.
x x

Solution. The Auxiliary equation is: m? — 2m + 26 = 0. The solutions to this equations are:

_ 2+4/-100

2
_ 24+/100v/-1
N 2
_ 2+10i

2
=1+ 5i.

Therefore y(z) = €*(A; cos(bx) + Agsin(bz)) = Aje” cos(bx) + Age” sin(bx).

m

y(0) =1 = 1= A1e°cos(0) + Aze’sin(0) = A; = 1, therefore y(z) = e” cos(5x) + Ase® sin(5z).

y'(z) = —be”sin(5x) + €” cos(bx) + bAsze” cos(bx) + Age” sin(bx).
1
y'(0) = 0 = —5e"sin(0) + €” cos(0) + 5Aze” cos(0) + Az’ sin(0) = 0 = A, = ~5 Therefore

1
y(x) = e cos(bx) — gex sin(5x).

)
Exercises 3.4
Q1 Solve the following second order homogeneous differential equations:
d’y L dy
i) —= +3—=—4y =0.
(i) dd%Z + i Y
Y Y
— —4—= 44y =0
(ii) dfzz dgf +4y
Y Y
— —2—=+4+5by=
(i) dx? dx oy
5.5 Second Order-Non Homogeneous
A non-homogenous second order differential equation takes the form
d’y | dy
27 42 —
a3 + . +cy = f(x)
where a, b and ¢ are constants and f is a function of x. The solution to this equation is y = yy(x)+

d? d
yp(x) where yy(x) corresponds to the solution to the auxiliary equation a—z + pY +cy=0

and yp(z) is the particular solution and yp(x) depends on f(z). We shall calculate yp(x) for
f(x) = Ae** f(z) = P,(z) (P,(z) is a polynomial of degree n) and f(x) = Asin(yx) + B cos(yz).
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5.5.1 f(z) = AeM

2 d
Consider the equation ad—z +b-2 cy = Ae*. First we calculate yy(r) and then yp(z). We know

x dz
how to calculate yg(z). When f(z) = Ae*®, then yp(z) is of the form Qe*. Note that yp(x) also
d> d
satisfies a>2 + b + cy = AeF* (ie. ay’p(x) + by p(z) + cyp(z) = Aef™). We use this fact to

de? ' da
calculate @) and hence yp(z).

d> d
Example 5.19 Solve &Y 4% + 4y = Te".
dx? dx

Solution. The Auxiliary equation is: m* —4m +4 = 0 <= (m — 2)> = 0. The solution to this
equation is: m = 2.Thus yg = ¢**(A + Bz).

Let yp = Qe*. Then ¢/'p = Qe” and y”p = Qe”. yp has to satisfy the above differential equation,
therefore

yv'e — 4y p+4yp = Te"
Qe — 4(Qe") + 4(Qe”) = Te*
Qe* = Qe”

@ =7 divide across by e*

Thus yp = 7e*. Therefore y = yy + yp = **(A + Bx) + Te. s
d? d

Example 5.20 Solve 2552 — 102 4y = 10¢™.
dx? dx

Solution.The Auxiliary equation is: 25m? — 10m +1 = 0 <= (5m — 1)? = 0. The solution to this
1 z
equation is: m = 5 Thus yy = e5 (A + Bx).

Let yp = ke™. Then y'p = 7ke™ and y’p = 49ke™. yp has to satisfy the above differential
equation, therefore

259" p — 10y p + yp = 10"
25(49ke™) — 10(Tke™) + (ke'z) = 10e™
1225ke™ — 70ke™ + kke™ = 10e™
1156ke™ = 10e™
1156k = 10 didvide across by e*
5
k= =
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Tz . 5 7o
Thus yp = Sl Therefore y = yy + yp = €5 (A + Bz) + =5

5.5.2  f(z) = P,(z) = ao+ ax + agx® + -+ - + a,a”

When f(z) = P,(z) (P,(z) is a polynomial of degree n) then we let yp(z) = T,,(x) (i.e. we let
yp(x) be a general polynomial of the same degree of P,(x). Again yp(x) also satisfies the original
differential equation and we use this fact to find the unknown coefficients. If f(z) = 3 + 4z
(polynomial of degree 1), then we would let yp(x) = a + bz and find a and b using the fact that
satisfies the original differential equation. If f(z) = 3 — 22 then we would let yp(z) = a + bz + cx?
and find a, b and ¢ using the fact that satisfies the original differential equation.

2

Example 5.21 Solve @ — 8@ + Ty = 5.
dx? dz

Solution. The Auxiliary equation is: m? —8m +7 =0 <= (m — 1)(m —7) = 0. The solutions to
this equation are: m; = 1 and my = 7. Thus yy = Ae™ + Be”.

Let yp = ag + a1z. Then y'p = a; and y”’p = 0. yp has to satisfy the above differential equation,
therefore

v'p =8y p+ Typ = bz

0—8(ay) + 7(ap + ayz) = bz

—8ay + Tag + Ta1x = dx
(—8ay + Tap) + Tayx = 0 + bz

5 40 40 5
Therefore —8a; + 7ap = 0 and 7a; = 5. Therefore a; = = and ayg = 10 Thus yp = I + 7%
40 5
Therefore y = yg + yp = Ae™ + Be" + E + 7:6 [}
d’y  dy 2
Example 5.22 Solve 2— —5— + 3y = x* + 1.
dx? dx

Solution.The Auxiliary equation is: 2m? —5m — 3 = 0 <= (2m — 3)(m — 1) = 0. The solutions

to this equation are: m; = 5 and mo = 1. Thus yg = Ae’s + Be”.

Let yp = ag + a1z + azxz®. Then v'p = a; + 2apx and y”p = 2ay. yp has to satisfy the above
differential equation, therefore

2y p— 5y p+3yp =2> +1

2(2a5) — 5(ay + 2a97) + 3(ag + a1x + agx?) = 2> + 1

day — 5a; — 10asx + 3ag + 3a1z + 3asx® = 22 + 1
2%[3as] + x[—10ay + 3a1] + [4das — bay + 3ag] = 2* + 0z + 1

1
Therefore 3a; = 1 = ay = 3 —10ag + 3a; = 0 and 4ay — bay + 3a9 = 1.
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—10as + 3a; =0
3a; = 10as
_ 10as
a; = 5
10
a; = 9

4&2 — 5&1 —|—3CLO =1

4 50
—— —+43aqy=1
3 9+(I0
38
——+4+3aqp =1
9+CL0
47
3@025
47
ap = —.
07 27
47 10 2 « 47 10 2
ThllSyPI——l-—x—I—x—.Thereforey:yH+yP:Ae37+Bex+_+_x+x__ &

27 9 3 27 9 3

5.5.3 f(z) = Asin(yx) + B cos(vyx)

When f(z) = Asin(yz) + Bceos(yz) (ie. f(z) = Asin(yx) or f(x) = Bcos(yx) or f(x) =
Asin(yz) + Bcos(vyx)), we let yp(x) = Ajsin(yz) + Az cos(yzx). Again yp(x) also satisfies the
original differential equation and we use this fact to find A; and A,.

d? d
Example 5.23 Solve 189 198 9y = cos(x).
dx? dx

Solution. The Auxiliary equation is: 4m? —12m +9 = 0 <= (2m — 3)? = 0. The solution to this

3 o
equation is: m = 3 Thus yy = e* (A + Bz).

Let yp = Aj cos(z)+Aysin(x). Theny'p = —A; sin(x)+As cos(z) and 3y’ p = —A; cos(x) — Az sin(z).
yp has to satisfy the above differential equation, therefore

4y p — 12y p + 9y = cos(x)
4(—A; cos(z) — Ay sin(x)) — 12(—A; sin(z) + Ag cos(x)) + 9(A; cos(x) + Ay sin(z)) = cos(x)
—4A; cos(x) — 4Assin(x) + 12A; sin(x) — 1245 cos(x) + 9A; cos(x) + 9Agsin(z) = cos(x)
cos(x)(—4A; — 1245 + 9A;) + sin(x)(—4As + 124, + 9A,) = cos(x)
cos(z)(bA; — 12A,) + sin(z)(12A4; 4+ 5A2) = cos(x) + Osin(x)
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5
Thus 5A; — 124, =1 and 124, + 545 = 0. If we solve these equations, we get that A; = — and

12 ) 12 169
2= ~Te5" Thus yp = @cos(x) ~ 768 sin(z).
Therefore y =y + yp = ¢ (A + Br) + — cos(x) -~ sina) *
erefore y = yg +yp =€ z) + 1eg c08(2) — 75 sin(@).
d? d
Example 5.24 Solve 52 Y 1690 ¢ 3y = cos(x) + sin(z).
dx? dx

Solution. The Auxiliary equation is: 5m? — 16m + 3 = 0 <= (5m — 1)(m — 3) = 0. The solutions
1 z
to this equation are: m; = R and my = 3. Thus yg = Ae®® + Bes.
Let yp = Aj cos(z)+Aysin(x). Theny/p = —A; sin(z)+As cos(z) and 3y’ p = —A; cos(x) — Az sin(z).
Yr has to satisfy the above differential equation, therefore
5y" p — 16y p + 3y = cos(z) + sin(x)
cos(x)(—2A; — 16Ay) + sin(z) (16 A; — 2A45) = cos(x) + sin(x)

7
Thus —2A; — 1645 = 1 and 164; — 245, = 1. If we solve these equations, we get that A; = 130
9 7 9
and Ay = ~130° Thus yp = 130 cos(z) — 30 sin(z).
Therefore y = yy + yp = Ae®® + Bes + T cos(z) — D sin(z). ]
130 130

Exercises 3.5

Q1 Solve the following second order homogeneous differential equations:

o Py ady 2

(1)@+3%—4y:36 2.

LAy dy

(11)@—4%+4y:2x2+4x+1.
d? d

(iii) EYU 9%y 5y = 10 cos .

dx? dx
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5.6 Answers

Exercises 3.1
x? 1

Q1 (i) v2(z) = — + 2¢, (i) y(z) =

2 c—hjet2] (iif) y*(x) = —2cos 2z + ¢,

Exercises 3.2

X

Q1 (i) y(z) = ztan(In|z| + ¢), (i) y(z) = PYEE

Exercises 3.3

Q1 (i) y(z) = ce™2 + i, (i) y(z) = ce® — 3ye®, (iii) y(z) = ce > + 3z — 6.

Exercises 3.4

Q1 (i) y(z) = c1e” + coe™, (ii) y(z) = €**(c1 + wey), (iii) y(x) = ”(c1 cos 2z + co sin 2).
Exercises 3.5

1 1
Q1 (i) y(x) = c1e” + coe™™ — 56’29”, (ii) y(x) = €**(c; + zca) + §$2 + 2z + 2,

(iii) y(z) = e"(cq cos 2x + cosin2x) + 2 cos x — sin x.



