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Chapter 4

Integration

4.1 Indefinite and Definite Integrals

4.1.1 Indefinite Integrals

When asked to integrate f(x), we write / f(x)dz. So / o dx represents applying the process of

integration to ©. Here are some basic rules of integration:

f(@) [ faas
In-i—l
n —1
’ n+1 n#
1
— Inz
T
sinx —COosST
CoS T sin x
e* e*

Example 4.1 Fuvaluate /x5 dx.

5 " , . .
x’dr = 5 + ¢ where ¢ is a constant of integration.

Example 4.2 FEuvaluate /\/de
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1
Example 4.3 Fuvaluate /—de.
x

1 -1 1
/—Qda::/x_de:x—+c:——+c.
T -1 T

Example 4.4 Fuvaluate /1dx.

1
/1d:x:/x0dx:xT+c::B+c.

It is important to note that /[f(m) +g(z)] de = /f(:v) dx + /g(x) dx i.e. the integral of a sum of

functions is equal to the sum of the integrals of the functions. Also /k: f(x)dx =k /f(z) dzx i.e.

the integral of a constant times a function is equal to the constant times the integral of the function.

7 8
Example 4.5 FEvaluate / (71‘5 + -+ 5 +10sinz + 36“3) dx.
x

/ (7175 + % + % + 10sinx + 3e$> dx = / (7 (z°) +7 G) +8(z %) + 10(sin ) + 3(&)) dx =

20 x 2 . 7 6 4 .
7 5 +T7Inz+8| — | —10cosx + 3e +c:6x +7lnx — — — 10cosx + 3¢e* + c.

-2 T2

Example 4.6 FEvaluate / (% + 74+ =l + 3sin x> dx.
x VT

/(%+7+%+3sinx) dx:/(3(a:5)+7(1)+3<x

x4 T2 3 1
=3(— | +7x+3| | —3cosx+c=—— +7Tx+ 622 —3cosz + c.
—4 3 4554

D=

> + 3(sinx)> dx

11
Example 4.7 FEvaluate / (— + 84 7cosx + 116“7) dx.
x

/(%+8+7cosx+1lex) d:p:/(ll G) +8(1)+7(cosa:)—|—11(ex)) da

=11lnx+ 8¢+ 7sinz + 11e* + c.
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Example 4.8 FEvaluate — +—+ 11+ 3sinz +3cosx + 4e” | dx.
x x

4 10 1
/(_5+—+11+3sinx+3cosx+4ew> dx:/<4a:5+10 <—) —i—ll—i-SSin:c—l—Scosx—i-éLex) dzx
T T T
44 . 1 .
= 1 +101nx—|—11x—3cosx+3smx—|—4e$—|—c:—4+1Olnx—|—11x—3cosx+381n:17—|—4e“”—|—c.
— x

Exercises 2.1.1
Q1 Evaluate the following:

(i) /(:L‘3—|—7sinx—|—8cosm) dzx.

1
(iii) / (—7 + — 4+ 13cosz + 761) dx.
x x
: 2 4
(iv) 2lcosz — —+x " — — +21) du.
x T

4.1.2 Definite Integrals

We may be asked to calculate the integral of a function between two values a and b. This type of
b

integral is called definite integral and is denoted as f(z)dz. The difference between a definite

integral and an indefinite integral is that the former is a number whereas the latter is a function of
x. Let’s calculate the following definite integrals.

2
Example 4.9 Fuvaluate / (962 +x+ 1) dx.
1

2 3 2 2
/ (2 +a+1) do = [% + % +z+ c] . Now we calculate [sub in 2 for z] — [sub in 1 for z].
1 1

x3+12+ + 2 23+22+2+ 13+12+1+ Sidve-t 1oy 2
—+—=+z+c| =|=+—= cl — | =+ —= cl =< c— = — = — —Cc=—.
3 2 . 132 32 3 2

When dealing with definite integrals, clearly ¢ will always disappear/cancel. So from this point on
we will not include it when evaluating definite integrals.

VAN
Example 4.10 FEvaluate / (— + 7+ egC) dx.
o \VT
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L7 1 .
T+ ) dr = 24 T74¢) dr =
/0<\/§+ —i—e)a: /0<x —|—+e)x

= 2V1I+T7+e)—(0+0+1)=8+e.

1
= [Zx% + 7x +€e”
0

3
Example 4.11 Fuvaluate / (— - — 4
1

)
[ 2D ae= (s (X)) - ] _31nx+;<ex>}j

1 e’ 1 e 1 e 26 et —e
—|-— -38lma+—=| =|-——-3m3+—=|—|—=—-3Iml+-| == —3n3 .
[ nx + } [ 57 n +3} [ 1 n +3} 57 n +( 3 )

jus

2
Example 4.12 FEwvaluate / (sinx 4 cosz) dx.
0

/2 (sinz + cosz) do = [—cosaz:%—sinac]E = [—cosg—i-sing} — [—cos0+sin0] = [0+ 1] — [-1+0] = 2.
0 0

Exercises 2.1.2

Q1 Evaluate the following:

(i) /12 (2 +2° + z) da.

(ii) /01 (Lx + 11+ Se’c) dx.
(

(iv) / (sinx + cosx) dx.
0

4.2 Integration by parts

The integration by parts formula is the following.

[ r@ga)ds = f@ge) - [ 5@ @)

Our main aim here is to write one of the two function as the derivative of a function. Let’s see an
example.

Example 4.13 Fvaluate /xcoswdx.
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In this example the integrated quantity is the product of two basic functions, which we know how
to integrate. It is convenient to write cosz as the derivative of another function. We know that the
intagral of cosx is sin x. Therefore, let g(x) = 2 and f(x) = sinz, so that

/xcosxdx = /m(sinx)’dm.

Now we can apply the integration by parts formula to evaluate the integral.
/x(sinx)’dx =zsinx — /(az)’sinxdw =zsinx — / 1-sinzdr = xsinz — /sinxdw

=zsinz — (—cosx) + ¢ =xsinz + cosx + c.

Example 4.14 Fuvaluate /31’623” dx.

It is convenient here to write €?* as the derivative of another function. We know that the integral

1
of e” is e®. Therefore, let g(x) = x and f'(x) = €27, so that f(z) = 5621 and thus

1
/31‘621 dr = /31’(5623:)/(11'.

Now we can apply the integration by parts formula to evaluate the integral.

12a:/ o 12:1: /1 2 _3 2x 32:1:
/335(26 ) d:l?—3$26 /(3SB) 5¢ dx = 5Te 5¢ dx

3 3
51’629” — Zezx + c.

Exercises 2.2

Q1 Calculate the following;:

(i) /xsinllxdx.
(ii) /2m1nxdx.

(i) / e da.
@) [

iv e® cosx d.

(v) / 2% da.
(vi) / ve™ da.



CHAPTER 4. INTEGRATION 8

4.3 Integration By Substitution I

As a way to introduce integration by substitution, we will solve the following:

. /(ax+b)”dx n#l.

1
d
./ax—l—bx

° /sin(a:p +b) dx.

) /cos(am +b) dz.

o [t

At this moment, we cannot use any rules in the tables to calculate any of the above. The idea
behind integration by substitution is that after we make a certain substitution, we can then use one
of rules discussed in the previous section to solve the question.

d d
1 ar+0)"dr, n#1 Letu=ar+b= o a = dx = 2% After we make the substi-
d
x a
tution, we get
/ Ldu 1 / " 1[u"t! untl
u'— =~ [ u'du=— +c=——"—+c
a a a|n+1 a(n+1)
b n+1
Now replace u with ax + b, therefore /(am +b)"dx = laz + b +c.
a(n+1)

Example 4.15 FEvaluate /(3:{; —7)°dx.

_7\6 __7\6
/(3x—7)5dm:%+c:%+c.

1
Example 4.16 FEvaluate /—dm.
(2x 4+ 3)3

| B L (20+3)? 1
/(2x+3)3 dx_/(%”?’) = S T Ty

|
+
o

Example 4.17 FEwvaluate

/m
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1

/1 L4 /1(2 1 2)id (20 +2)? [\/2 +2]1 Vi-V2=2-2
— ar = €T 2 €T = _— = €T = — = — .
0o V 2x + 2 0 2 (%) 0 0
1 du du o
(2) dr. Let u = ax + b = — = a = dx = —. After we make the substitution, we get
ar + b dx a
1d 1 1 1 1
/——“ - —/—du: Linpuf) 4= 21
ua a) u a a
1 1 b
Now replace u with az + b, therefore / dxr = njaz + bl +c.
ar +b a

Example 4.18 Evaluate/ dx.

3z +3
/ 1 da:—hl|3x+3|+c

3z+3 3

LS|
Example 4.19 Evaluate/ dz.

0 2x+1
/1 L In|2z 417" 2| Infl] In|2|

T = = — e .

o 2r+1 2 |, 2 2 2

d d
(3) /sin(ax +b)dr. Let u=ar+b— = de =", After we make the substitution,
a

dx
we get
, du 1 , 1 —cos(u)
@z du==[- — T .
/sm(u) = /sm(u) u a[ cos(u)] + ¢ — +c
: : —cos(ax + b)
Now replace u with az + b, therefore [ sin(az +b)de = ———— +c¢.
a
Example 4.20 FEvaluate /Sin(Sm —7)dz.
/sin(5x —T)dx = M +c.
Example 4.21 FEvaluate /2 sin(2x) dx.
0
3 — cos(22)]? — cos(m) —cos(0) 1 1
21)dr = |~ - _Ll
/0 sin(2x) dx { 5 L [ ) 5 5t
du du o
(4) [ cos(ax +b)dz. Let u=ax+b=—= = dx = —. After we make the substitution,
x a

we get
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sin(u)

+c.

/cos(u)d—u = 1/(:os(u)du 1 [sin(u)] + ¢ =

a a a a
sin(az + b)
T e

Now replace u with ax + b, therefore / cos(ar +b) dx =
a

Example 4.22 FEwvaluate /cos(?x —5)dx.

/cos(?a: —5)dr = w +c.

r

Example 4.23 FEvaluate /4 cos(2z) dx.
0

[tz = 2220 [ (3) _ sm<o>] Sl

0 . 2 2 2 2

d du
(5) / b gy, Let u = az + b => —— = a = dz = —. After we make the substitution, we get

dx a
d 1 1 u
/e“—u = —/e“du: —[e“]+c= e
a a a a
eaa:—l—b
Now replace u with az + b, therefore / et dy = +c.
a

Example 4.24 Fvaluate /ell”c_15 dx.

1 5 6112:—15
et dr = C.
/ 11 +

1
Example 4.25 Evaluate/ e .
0

1

1
/ e dr = [e’”’l]é =l —et=1-—-.
0

(&

Exercises 2.3

Q1 Calculate the following:
(i) / ! dx
\/m
i) 3z —2)*d
1

i [
(i) /:—dx.

(2x 4 2)8
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1
) gt
0 21:—1—2
/7 4x d.
(vi) /sm(2$+5)d
(vii) /3 sin(3z) dx.
0
(viii) /cos(?)x—l— 11) dx.

4.4 Partial Fractions

b b
In this section we solve / ar + dx. First we use partial fractions to split ar +
) 5 (z —a)(z—0) (x —a)(z — p)

into + . Then we integrate these parts individually.
r—a x—p

1
Example 4.26 /—dx.
22 —3x+2

. . . 1 . .
First we factorise the denominator P = D@ =2 Then, we split up the fraction as

follows.

1 A B
= = 1=A(x—-2)+ B(z—1).
(x —1)(x—2) ZL‘—1+ZL‘—2 (r=2)+Blz—1)
We need to determine the values of A and B. The above equation must stand for all possible values
of z. So we can try convenient values of z.

Let = 2. Let z =1.
1=A2-2)+B(2-1) 1=A1-2)+B(2-2)
1= B(1) 1=A(-1)
B=1 A= —
Therefore 1 = 1 + 1 . Thus

2 -3z+2  x-1 x-2

1 1 1 1 1
——dr = — de = — d =—1 —1]+1 — 2 .
/x2—3x+2$ /{ x—1+x—2} T /x—l vt [ —do njlz—1+njz -2/ +c
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Exampl 427/1 g
xample 4. —dx.
P 0o 2+ 3x+2
) ) ) 2x 2x ) )
First we factorise the denominator = . Then, we split up the fraction as
224+3x+2 (r+1)(x+2)

follows. 5 4 B

x

Gt D)@+2) o4l 242 v=A+2)+Ble+1)
Let x = —-2. Let x=—1.
2(-2)=A(-2+2)+B(-2+1) 2(-1)=A(-14+2)+B(-1+1)
—4 = B(-1) —2=A(1)
B=4 A=-2

2 1 1
Therefore S -2 +4 . Thus
22+ 32+ 2 r+1 T+ 2

! 2 ! 1 1 | |
/2—$d:p:/ -2 +4 d:v:—2/ dm+4/ dx
0o T°+3r+2 0 r+1 x+2 0o T+1 0 T+2

=[—2In|z+1] —I—41n|x+2”(1) =[—2In|2|+4In|3|] — [-2In|1] +41n|2|]
=—2In2+4n3-4n2=4In3 —-61In2.

52142
Example 4.28 / QL dx.
9 T4+ 2 —3
2 2 2 2
First we factorise the denominator T = T . Then, we split up the fraction as
2+2x -3  (z+3)(z—1)
follows. o+ 9 4 B
x
= = 22+2=A(z—1)+B 3).
T 3E =) 73 71 T+ (x —1)+ Bz +3)
Let x=1. Let x = -3.
2(1)+2=A(1-1)+ B(1+3) 2(=3)+2=A(-3-3)+ B(-3+3)
4= B(4) —4 = A(—4)
B=1 A=1
2 2 1 1
Therefore T = + . Thus

2+2xr—-3 x4+3 x-1

52042 3711 1 3 3 q \
219, 3= dr = d dz = |1 3 +Injz—1

=[In6+ 12 —[In|5+In|l]]=In6+1In2 —Inb.

Exercises 2.4
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Q1 Calculate the following:
0 [ g
! 22 —4x +3 v
! 2x
. d
(i) /0 214z +3
Po2r+2
(iii) / T g
2

224+ 3z —4

4.5 Integration By Substitution II

In this section we discuss integration by substitution in more detail.

Example 4.29 /3x2(x3 +7)* dux.

d
Let u=2°4+7— d_u = 322 = du = 32° dz. Therefore
T

5 3 5
/sz(x3+7)4d:v:/u4du:%4—0:@—1-0.

1
Example 4.30 / 2eVa? + 1dx.
0

d
Letu=2>4+1=—= d_u = 20 = du = 2x dx. Therefore

T
! , u? 2x? +1)3 2(2): 2 2(22 —1)
/237\/:E2+1dx:/u2du: = | = — _Z_
0 3 3|7 3 3 3
or
1 2 3 372 3 3
2 2(2 2 2(22-1
/ 20V + 1dr = / u? du = % S il (2 2 = L (i.e. change the limits
; ) 3 3] 7 3 3 3
also (u=1>+1=2,u=0%+1=1 and finish the question in the changed variable.)
12
Example 4.31 /0 m dx.
3 du 9 du 9
Let u ==z +1:>d—=3x — — = z° dz. Therefore
x
L2 ldu 1 [ _, 1 [u 1 ! 1 1 7
————dr= [ —— =< [vidu=z|—|=|"——F7—| =|—=)-|—=) ==
o (2% + 1) w33 3|3 9% + 1%, 72 9) " 72
or

Lg? 21du 1 2, 1 [u37? 17° 1 1 7
o (234 1) L ut 3 3, 31-3], 9us | | 72 9) 72
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2

dx.
3+ 7 o

1
Example 4.32 /
0

d d
Letu=2%+7—= d_u =31 = ?u = 22 dx. Therefore
T

boa? ldu 1 (1 1 1 In8—1In7
dr= [ ~Z =2 [ Zaqu=21] :[1 3 7}:—.
/0x3+7x /u3 3/u“ 5w = nfa” 7] 3

or

L2 81du 1 [%1 1 8 In8—1In7
- dr= | —— == —du:—[lnu} =
g T2H+T7 7 u 3 3J); u 3 7 3

4
4z — 6

E le 4.33 —dx.

xample /3x2—3x+1 T

d
Letu:a:2—3x+1:>d—u:2$—3:>2du:(4x—6)d:v. Therefore
x

- 1 1 4
/ x—6dx:/—(2du):2/—du:2[lnu] :2[111(:02—33:—1—1) =2Inb5.
3 u u

22 -3z +1 3

or

toda - 1 1 5
/ 2x—6dx:/—(2du):2/—du:2[lnu] = 2Inb5.
3 4 —=3x+1 u u 1

Example 4.34 /(2:10 + 1) sin(z* + z + 7) d.

d
Letu:x2+x+7:>d—u:2x+1:>du:(2x+1)dx. Therefore
x

/(2m+1)sin(m2+x+7)dx:/sinudu:—Cosu+c:—cos(x2—|—x—|—7)—|—c.

1
Example 4.35 / (— + ex) sin(lnz + e”) dx.
T

d 1 1
Let u=Inz + ¢ = a2 + e = du = (— +ex> dz. Therefore
dr =x T

1
/(—+ea’) sin(lnx—f—ex)dx:/sinudu:—cosu—i—c:—cos(lnx—ker)—i—c.
T

Example 4.36 /x4 cos(z° + 7) dx.

d d
Let u=2"4+7—= d_u =hrt —= Eu = 2% dx. Therefore
T

d 1 i in(zd + 7
/x4COS<$5+7)d!E=/COSUEUZg/cosudu: Slgu+c:—81n($5+ )—i-c.
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Example 4.37 / (32% + €”) cos(z® + €”) d.

d
Let u = 2%+ ¢ = d_u =322+ e = du = (3x2 + em) dz. Therefore
x

/ (32% + €*) cos(z® + €”) da = /Cosudu =sinu + ¢ = sin(z® + %) + c.

Example 4.38 /(23: T 4+ 1)e” e g,

d
Letu:x2+ex+w:>d—u:2x+ex+1:>du:(2x+ez+1)dx. Therefore
x

/(QLU + e’ + 1>€x2+ez+x dr = /eu du = e% +c= 612+ez+x +ec.

Example 4.39 / 2 d.

d d
Let u = 32° = d—u = 6r — Fu = x dx. Therefore
T

d 1 u 3x2
/xe?’xde:/e“Fu:6/e“du:%+c:66 +c.

Exercises 2.5

Q1 Evaluate the following:
(i) /4x3(x4 +9)° du.
1
(ii) / 322V 3 + 3dw.
0

(iii) /0 1 @2“’71)3 dz.

(vi) /(3352 sin(z® + 7) dx.

2° cos(x® + 7) dz.

(vii) / (22 4 €®) sin(z? + €%) du.
/

(ix) / <3x2+1> cos(z® + Inz) da.

X

15
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(xi) /(1 + e")e" ¢ da.

4.6 Trigonometric Integration

We have already integrated some trig functions. However we do need to discuss some tricks
needed to integrate some more complicated ones. We need the following trig identities to pro-

1 1
ceed: sin®z = 5(1 — cos(2z2)), cos’z = 5(1 + cos(2z)), sinz = 1 — cos’x and cos*z = 1 — sin® x.
Example 4.40 / sin® x dx.

/siandw - /%(1 — cos(2z)) dar = %/(1 — cos(22)) dar = % {x - Sm(;x)} +e.

™

Example 4.41 / cos? x da.

LE}

[[eotade= ["Laseosannas =3 [T+ costan)) = 3 [ 2]
I I z x
_Lfr sin(G)| L[ sin@m)] w1 7 1 3w
204 2 " T | T8 21w

2
Example 4.42 / sin® z dz.
0

3 3 >
/ sin® z dr = / sin z(sin® z) do = / sinz(1 — cos® z) dr = / sinz(1 — (cosz)?) dz. Let u = cosx
0 0 0 0

d_u
dx

Thus/og sinz(1 — (cosz)?) dv = /10(1 —u?)(—du) = /10(u2 —1)du = {%3 - ur =0- B - 1] = §

INE]

= —sinz = —du = sinz dz. Also change the limits. u = cos § =0 and u = cos0 = 1.

Example 4.43 / cos® x dz.

/Cos3xd$ = /COS$(COS2 x)dr = /cos z(1 —sin® z) dv = /cos z(1 — (sinz)?) dx. Let u = sinx

du
— o = cosr —> du = cosx dzx.
x

3

3 .
Thus/cosx(l—(sinx)2)dx=/(1—u2)du: {u-%} Y e—sing — sn; T
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Example 4.44 / sin x cos® x dz.

d
/sinxcos3xdx = /sinx(cosx)3 dx. Let w = cosz = d_u = —sinz = —du = sinz dz. Thus
x
, 5 5 ut cos’ x
sinz(cosz)’dr = [ u’(—du) = —yte=——, +c.

jus

2
Example 4.45 / sin” z cos x dx.
0

2 2 du

/ sin” x cos v dr = / (sinx)” cosx dr. Let u = sinx = Iz Cos% = du = cosx dr. Also change
0 0 xr

the limits. u =sin§ =1 and u = sin0 = 0. Thus

J

Exercises 2.6

[NIE]

1 8711
1
(sinx)7cosxdx:/ u’ du = {u_} = —.
; s],” 8

Q1 Evaluate the following trigonometric integrals:

(i) / sin? z du.
0
(ii) / cos® x dz.

(i) [
(iv)
(v)
(vi)

NE]

3

sin® x dx.

cos® z dz.

O\M:‘O\

sin x cos” z dz.

S~

3 5
sin” x cos x dx.

S—

4.7 Area
Using integration, we can find the area included between a function f(x) and the z-axis from = = a

b b
to x = b by the formula / f(x)dx or / ydx.

If the function f(x) is below the z-axis and we want to find the area between the function f(z) and

/abf(x)da: /abyda:

or .

the z-axis from x = a to x = b, we use the formula
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v

r=a r=2>

Figure 4.1: Area between f(x) and z-axis from x = a to x = b.

When you are calculating areas using integration, it is important to roughly sketch the function
before applying any of the above formulae.

Example 4.46 Find the area between the x-axis and y = x from x = —1 to x = 1.
If we sketch y = x from = —1 and x = 1 and shade in the area that we are looking for, we get:
A y=x
l
r=-—1 A2 :
iAl xr = 1 -
|
|
Figure 4.2: Area between y = x and z-axis from x =1 to z = —1.

b b
We use the / ydx| to find A; and / y dx to find A, since Ay is below the z-axis and A, is above
1 270
+ / rdr = V—]
0 2 —1

Example 4.47 Find the area enclosed between the y = 2? and y = x.

the z-axis. Therefore

0
A1+A2:‘/ T dx
-1

First we find the points of intersections. Let 2> =z = 2’ —r=0=z(z — 1) = 0= 2z =0
and z = 1. When 2z =0=y =0 and x =1 = y = 1. Thus the points of intersection are (0, 0)
and (1,1). Now y = z is a line and y = 2% is U-shaped curve. Here is a sketch of the area between
these two curves:

The problem is that we can’t directly calculate this area since integration only allows us to find the
area between a function and the z-axis between two points. To calculate the shaded region, first we
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I --
v

Figure 4.3: Area between y = 22 and y = x.

find the area between y = z and the z-axis from = 0 to x = 1 (area A;). We then find the area
between y = 2 and the z-axis from z = 0 to x = 1 (area Ay). Finally we subtract these two areas.

v

Figure 4.4: Area between y = 2? and y = x= Area between y = x and z-axis from 2 =0 to z = 1
- Area between y = 22 and x-axis from 2 = 0 to x = 1.

1 1 271 371
1 1 1
Area—Al—Ag—/xdx—/ﬁdx_{m—} _|:JZ_:| = - — — = —,
0 0 2], 3], 2 3 6

Exercises 2.7

Q1 Find the area enclosed by y = 2z and the z-axis from x = —2 to x = 2.
Q2 Find the area enclosed by y = 2% — 3z and the z-axis.

Q3 Find the area enclosed by the functions y = 2% and y = 2.

Q4 Find the area enclosed by the functions y = 2% and y = /.

Q5 Find the area enclosed by the functions y = /x and y = .
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4.8 Volume

Consider the area between the z-axis from x = a to x = b.

A

v

Figure 4.5: Area between the x-axis and a function from z =a to x = b

Using integration, we can find the volume of the object obtained by rotating the above area about

b b
the z-axis by the formula V' = 7r/ (f(z)*dx = 7T/ y* da.

A

v

Figure 4.6: The above area rotated about the z-axis

Example 4.48 Consider the area enclosed between y = x® — x and the x-axis. Find the volume of
the object obtained by rotating this area about the x-axis.

2

We substitute the expression of y = x° — x in the above formula and we obtain:

b 1 1 P
V:ﬂ'/ y2dx:/(x2—x)2dx:7r/(x4—2x3+x2)dx:7r[___+_}
a 0 0 5 2 3

11
57273 T 30

Example 4.49 Consider the area enclosed between y = x* and y = x. Find the volume of the
object obtained by rotating this area about the x-axis.

We have already sketched the area enclosed between y = x? and y = z (figure 2.4). We can’t
calculate this volume directly using integration. To find the volume of this object, we:
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e Find the volume of the object obtained by rotating the area between y = x and the z-axis
from z = 0 to x = 1 about the z-axis (V}).

e Find the volume of the object obtained by rotating the area between y = 22 and the x-axis
from x = 0 to « = 1 about the z-axis (V2).

e Subtract these two volumes (V; — V5).

! ! ! ! 237! 257! 11

V:V1—V2:7r/(x)gdx—w/(xg)de:W/ IEQde‘—T{'/ m4dm:7r{—} —7T|:—:| :7T|:———

5 0 0 0 0 310 51, 3 5
T

=T
Exercises 2.8

Q1 Consider the area enclosed by y = 2z and the z-axis from x = 0 to x = 2. Find the volume of
the object obtained by rotating this area about the x-axis.

Q2 Consider the area enclosed by y = 22 — 32 and the z-axis. Find the volume of the object
obtained by rotating this area about the z-axis.

Q3 Consider the area enclosed by the functions y = 22 and y = 2x. Find the volume of the object
obtained by rotating this area about the x-axis.

Q4 Consider the area enclosed by the functions y = 2? and y = \/z. Find the volume of the object
obtained by rotating this area about the z-axis.

Q5 Consider the area enclosed by the functions y = \/x and y = x. Find the volume of the object
obtained by rotating this area about the z-axis.
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4.9 Answers

Exercises 2.1.1

xt o T Tt

Q1 (i)z—7cosx+8sinx+c, (i) — 3 1 — 2z + Tz +c,
-6 12 -3 1
(iid) —%—21nx+%+ g + 20z +c, (V) o

Exercises 2.1.2

Q1 (i) =

1
L (i) 3¢ 410, (i) f 16, (iv) 2.

Exercises 2.2

1 1
Q1 (i) — L cos dx + 16 sin4z, (i) 2’ lnz — 5372 + ¢, (iii) ze® — € + ¢, (iv) §ex(sinx +cosz) + ¢,
(v) 2%e” — 2xe” + 2" + ¢, (Vi) —we ™" —e " +c.

Exercises 2.3

(iv) —, (v) _411 In(7 — 4x) + ¢, (vi) —% cos(2x +5) + ¢,

2L : e 1 1 9.3
(vii) 3 (viii) 3 sin(3z 4+ 11) + ¢, (ix) 5 (x) 1T (xi) 5¢ +c.
Exercises 2.4
1 -3 -1 -1 In3—-In4+2In2 6ln6 —6In7—4In2
Q1 (i) nlr—3 —In|x ’+c, (i) n n4+2In (i) n n n2
2 2 5

Exercises 2.5

S @t 9)° 16 LB In 14 | ,
Q1 (i) — + ¢, (ii) 3 2v/3, (iii) 6 (iv) In2 — 7 (v) In9, (vi) —cos(z” +7) + ¢,

1 1 @
(vii) — cos(z® + €*) + ¢, (viii) 5 sin(2® +7) + ¢, (ix) sin(2® +Inz) + ¢, (x) E64x4 + ¢, (xi) €T +c.

Exercises 2.6

T o.m V21 4 2 1
Q1 (i) 5, (i) 7 — =+ o (i) 5, () 5, (v) 0, (vi) §
Exercises 2.7

9 4 1 1
18. 2 —. 3 —. 4 —. 5 —.
Qls. Q23 Q3 Q4. Q5

Exercises 2.8

327 81w 167 T

O
1—. 2—. 3 —. 4 —. 5 —.
Q 3 Q 10 Q 15 Q 70 Q 30



