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Chapter 3

Differentiation

3.1 Limits
In this section we are going to be dealing with two types of limits:
Type 1 lim f(z), i.e. Limits as x — a where a is a constant.
Tr—a
Type 2 lim f(z), i.e. Limits as x — oo where oo is infinity.
T—00
3.1.1 limf(z)
Tr—a
The rules for evaluating these types of limits are:

e Simply replace x with a.

0
e If the expression obtained after this substitution is (6) , we must simplify it to determine the limit.

These expressions are called indeterminate forms.
Let’s look at a few examples.

Example 3.1 FEwvaluate lin% (2x — 3).
r—r

In this example f(z) = 2z — 3. We simply replace = with 2.

lim (22 —3)=2-2—-3=1.

r—2

-1
Example 3.2 Fuvaluate lim :L; .
x—1 4 — 1

Let’s replace  with 1 and see what happens.

. z—1 1—-1 0
lim = = —.
=1 g2 —1 12—-1 0

3
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r—1 z—1 1
-1 (z-1@+l) z+1 00

x—1 ) 1 1 1

We need to simplify this expression. f(z) =

=1 22 —1 221 x4+1 1+1 2

Here’s a few important points:
e First replace x with a. If the obtained expression is o) go back and simplify it.

e [f the limit is co, we say the limit doesn’t exist.

Example 3.3 Evaluate lim — .
x—1 4 — 1

1 1 1
lim = =5= oo, i.e. the limit doesn’t exist.

2
-1

Example 3.4 FEvaluate lim q:—

=1 22+ —2

Let’s replace x with 1.
) 2?2 —1 12 -1
lim =
el 24 —2 1241-2
22 —1 (x —1)(
— 1)

0
-

1
We need to simplify this expression. f(z) = = (1: j__ IR
x T

22+r—-2 (x

21 1 1+1

Therefore, lim . lim (@ + ): *
a1 22 —2x 4+ 1 ao1 (z+2) 142

2
=3

Exercises 1.1.1

Q1 Evaluate the following limits:

(i) lim (z + 4).

r—1

(ii) lim (5x — 7).

T—3
iy L2
(iii) glgl_)r% FCRUY
N
(iv) glcl_r% poa—
2
-4
v) lim 2m
=2 32 —x — 2
2
-9
(vi) lim ’
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3.1.2 Trigonometric Limits

Before attempting any trigonometric limits, we have to observe the following rules concerning sin
and cos 6:

_ <tan 0) ) ( 0 )
e lim = lim =1
60 2 0—0 \ tan d

Now we can attempt the following examples.

in(66
Example 3.5 Fuvaluate lim sin(66) .
6—0 (59)

i () | () ()]~ [(7) G)) - 2-5 -5
'n3m$ sin(zx) 8_i “blg=g
(57) ) (52)] =055

)
)
tny () = tm |

_ tan(30)
Example 3.7 Fuvaluate él_r}(l] (005(49) sin(59)>'

s (cos(tj;(;i)(w)) = i Ktag(;e)) ((308149)) (sin5(959)> (%Z)} = g = %

. 3 2
Example 3.8 FEvaluate lim (51‘11(2 ’ )>
20 \ sin®(z)

Example 3.6 FEvaluate lim

x—0

i (282) - () (22 () () (222 v
Example 3.9 Evaluate lim (Sme(lei?;(f 9>>

i () (52 (90 (L) ()] <110
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Exercises 1.1.2

Q1 Evaluate the following limits:

(i) m tan(6)’
(iv) Jim cos(?g)(ifn)@@) '

3.1.3 lim f(x)

T—00

1 1
Consider f(z) = (—) Let’s see what happens to (—) as r increases.
x x

6

1 =1
1
2 - =05
2
1 (3.1)
10 — =01
10
100 1 =0.01
100

1
1000 | —— = 0.001

1 1
We can see that as x increases (—) get’s smaller. Thus if x get’s infinitely large, then (—)
x x

approaches 0, i.e.

We can extend this result to

1
lim (—) =0 when p > 0.

T—00 TP

Now we use this fact in evaluating lim f(z).
T—>00
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2
1

Example 3.10 FEwvaluate lim ﬂ
z—oo 22+ 3x 45

To evaluate this limit, we divide up and below by z* (where k is the highest power of x) and then

1
use the fact that lim <—) = 0. Here k = 2. Thus we divide up and below by z2.

T—00 €T
x? T 1 1 1
ZCQ+.T+1 ) P—f‘ﬁ—f‘ﬁ 1+E+?

lim = lim

S 2 3z 5 1 N\
T—00 I €T T—00 I €T T—r00
—2+—2+—2 1+3(—)+5<—>
X X e

x x?
1 2 1 14040
Now we use the fact that lim [ — | =0p > 0. i.e. lim vhrtl 2 H0FY
2 +r+4

Example 3.11 Evaluate JLI{}O m

1
Here we divide up and below by x® and then use the fact that lim <—> =0 (p>0) and we get

T—00 xP
3 T 4 1 1 4
B +r+4 o mtmtEs YT ET i 14040 1
llm —————— = lim 3 5 = lim = = —.
z—oo 203 + 32 + 2 z—00 2 3z 2 T—00 3 2 24+04+0 2
I 24—+ —
3 3 3 r a3

Exercises 1.1.3

Q1 Evaluate the following limits:

(i) lim 222 + 2z — 3
zooo g2 —x—1"
23+ 2 —3

T '
() 3 T 12
I |
(iii) lim :
z—oo  3x2 + Sy + 2
T+ a?+4
(iv) im ————.
z—oo 25 + bx + 2
( ) I T+ a2+ 4
v) lim ———mMM—.
z—oo 207 + B + 2
x® + 2%+ 4
(vi) im ————.
z—o0 207 + Ha + 2

3.2 Differentiation From 15? Principles

The first derivative of a function from 15 principles is :
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W e — g TE D) 1)

dx h—0 h

1St

Here’s a few important points. When asked to differentiate f(z) from principles:

flx+h) - fx)
- :

e Substitute the expressions of f(z) and f(x + h) in }lliH(l)
—>

e Replace h with 0 and evaluate the limit.

o [f the limit is (g) , simplify it first and then evaluate.

Example 3.12 Differentiate f(x) =3z —5 from 15t principles.

Let f(xz) =3x — 5, then f(z +h) =3(x+h) —5=3x+3h — 5.
dy L flaeh) — f(@)
dx h—0 h
. 3x+3h—-5—(3x—5)
= lim
h—0 h
. 3z+3h—-5—-3x+5
= lim
h—0 h
_ 3h
= aN
= lim3
h—0

Example 3.13 Differentiate f(z) = 2> —x + 1 from 15t principles.

Let f(x) =2 —x+ 1, then f(x+h)=(x+h)?—(z+h)+1=2?+22h+h*—(x+h)+1=
2?2 +2zh+h? —x—h+1.
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dx

i £@ 1) = @)
h—0 h

. 224 2zh+ R —r—h+1— (2> —x+1)
lim

h—0 h

o+ 2eh+ k- —h+1—2?+2—1
lim

h—0 h

 2zh+h®*—h

llm ——

h—0 h

lim h(2z 4+ h —1)

h—0 h

lim2z +h —1
h—0

20 +0—1.

2¢ — 1.

Example 3.14 Differentiate f(z) = 23 from 15 principles.
Let f(x) = 23, then f(z +h) = (x + h)® = 23 + 32°h + 3zh® + h3.

Exercises 1.2

dy

flx+h) - f(x)

o oA h
o a® 4+ 32%h + 3zh? 4+ k3 — 28
= lim
h—0 h
o 32%h +3xh®>+h3
= lim
h—0 h
. h(3z% + 3zh + h?)
= lim
h—0 h

= lim 322 + 3zh + h?
h—0
= 322 4+0+0.

= 322

Q1 Differentiate each of the following from 18t principles:

(i) y ==
(i) y = 4.
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iii) y = — 3.
iv) y = 3z + 2.
v) y = 222

vi) y =22 — .

(
(
(
(
3.3 Differentiation of sin(z) and cos(z) from 15t principles

Example 3.15 Differentiate sin(z) from 15t principles.
Let f(x) =sin(z), then f(x 4+ h) = sin(x + h).

dy . )~ ()
dx h—0
_ lim sin(x 4+ h) — sin(x)

h—0
Now we have to apply the trigonometric identity:

sin(A) — sin(B) = 2sin (A_TB> cos (A ! b ) |

r—y x+h—z h
[ ) — = —.
2 2 2
r+y x+h+x 2x+h h
[ ) = = :l‘+—
2 2 2 2
Therefore
@ _ 2sin (%) CcoS (:E+%)
dr  h—0 h

=1-(cos(x+0))

= cos(z).

1St

Example 3.16 Differentiate cos(z) from principles.

Let f(x) = cos(z), then f(z + h) = cos(z + h).

10
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dy St h) — (@)
dr  h—0 h
cos(z + h) — cos(z)
5 '

Now we have to apply the trigonometric identity:

cos(A) — cos(B) = —2sin (A - B) sin (A '; B) .

.x—y_x+h—x_ﬁ
2 2 2
r4+y x+h+x 20x+h h
Ty T 3 T4 Tty
Therefore
d—y—li —QSm(%)sin(:c—i—%)
dr  h—0 h

3.4 Derivative of Basic Functions

Here’s a few basic rules of differentiation.

d
Rule (1a): If y = k, where k is a constant, then d_y = 0.
x
dy
Example 3.17 If y =3, find T
dy
Y
dz

Rule (1b): If y = 2™, then Z—y =n-2" L
x

11
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d
Example 3.18 Ify = 2°, find d_y
T

dy _
do
dy ,
Note that e and f'(x) are the same.

5z

Example 3.19 If f(z) = 22, find f'(x).
d
f(x) = % =22 = 2u.
dy
dx’
First we will have to bring the 22 above the line and rewrite y as y = 2.
dy 1 -2

2= —2— =2,
dx . 3 3

1
Example 3.20 Ify = —, find
x

dy

Example 3.21 Ify = +/z, find T
x

(ST

First we will have to rewrite y as y = x2.
dy 1 1+ 11 1

—1‘5:

dz 2 205 2z

1 dy
—, find —.
Vi fin dx

First we will have to rewrite y as y = x
dy 1 3 11 1

Example 3.22 [fy =

N|=

dr 20 T 2,3 2(vap

d
Rule (1c): If y = a - 2™, then d_y =a-n-z" "
T

d
Example 3.23 Ify = 323, find d_y
T

In this question we differentiate the 2® and then multiply the answer by 3.
T

dx

d
Example 3.24 Ify = 3v/z, find d—y
x

First we will have to bring the \/x above the line and rewrite y as y = 323,

dy 1 .+ 31 3
—_— = —-Tr 2 =

dx 2 —§$_%:2\/E'

d
Rule (2a): If y = sin z, then d_y = cosz.
T

12
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Rule (2b): If y = a - sinx then ;l_y =a-Ccosz.
T

d
Example 3.25 Ify = 10sinz, find .

dz
d
% = 10cos .
dy :
Rule (3a): If y = cosz then gy = —sinz.
x
dy :
Rule (3b): If y = a - cosz then oo = —a-sinz.
x
dy
Example 3.26 If y = 15cosz, find T
x
d
% = —15sinx.
Rule (4a): If y = e” then dy _ e’
s Iy = it
dy
Rule (4b): If y = a - e* then — = a - €".
dz
dy
Example 3.27 Ify = 7e”, find T
x
dy
S 7es.
dz c
1
Rule (5a): If y = Inz then 4y _ —.
dr =z
1
Rule (5b): If y = a - Inx then @:a-—:g.
dx r

d
Example 3.28 Ify =41Inz, find d—y
x

dy _ 4
de  z
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3.5 Basic Rules of Differentiation

When we are differentiating the addition/subtraction of functions, we differentiate the functions
individually and then add/subtract them. Therefore, if y(z) = u(z) £ v(x), then

y'(z) = v (x) £ (2).

1 d
Example 3.29 Ify = 2> +sinz + — + 7lnx, find d—y

x x
First rewrite y as y = 22 +sinx + 27! 4+ 7In .

d 7
—y:2x+cosx—1x_2+—:2a:+cosx——2+
T z

dx

7
x

Example 3.30 If f(z) = cosz +

\;E%—e””, find f'(z).

First rewrite f(z) as f(x) = cosz + 275 + €.

1 4

f’(x):—sina[;—gazfg +e" = —sinx — +e”.

1
3(v/x)*
Exercises 11.2

d
Q1 Find d_y of the following functions:
x

(i)
(ii) y = 2° + 3cos x + 4sin x — He”.
ii y=2+7lnx—17.

1
y:x7—5x+3+—4.
x

111

(iif)
(iv) = ———+—=

4 1 3
x3 ot s
1 2 1

+—=-

(v) y:ﬁ iz

3.5.1 The Product Rule

The product rule is :

dy dv du
fy=u- hen —= = u— —.
Y uv,tendx udw de

i.e. if f(z) is the product of two functions (15% function x ond function), then

dy _ 15t function x The derivative of n ond fiunction x The derivative of
dx ond function 15t function
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d
Example 3.31 Ify = (2% — 2)(z" + 23+ 7), find d_y
T

Let u = 22 — z (15 function) and let v = 27 + 23 4 7 (2nd function). Then

d d d
dy v+u

dx dr  dz
= (2 —2)(72° +32%) + (z" + 2 + 7)(22 — 1).

d
Example 3.32 Ify = (2*> — x)sinz, find d_y
T

Let u = 22 — (15! function) and let v = sinz (2°4 function). Then

dy dv N du
dx dx dx

d
Example 3.33 Ify = (z%)e®, find d—y
T

Let u = 22 (1% function) and let v = e (284 function). Then

dy dv du
= eV
= (a?)(e") + (e")(2)
= (2% + 27)

d
Example 3.34 Ify = (32® + 7)Inz, find d_y
T

Let u = 32° + 7 (15% function) and let v = Inz (224 function). Then

de dx dx
= (31‘3 +7) (=) + (In x)(9x2)
T
3
= (Bx +7>+9x21nx
T

dy

Example 3.35 Ify =sinxInz, find y
x
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Let u = sinz (15¢ function) and let v = In (2nd function). Then

= (sin x)(%) + (Inxz)(cos z)

sin x
= ( >+cosxlnx.

T

d
Example 3.36 If y = e”cosz, find d_y
x

Let u = e® (15 function) and let v = cosz (289 function). Then

dy dv du
dx uda: Yz
= (e")(—sinz) + (cosx)(e")

= —¢e"sinxz + €”cosz.

d
Example 3.37 Ify =sinxcosx, find d—y
x

Let u = sinz (15 function) and let v = cosz (289 function). Then

dy o
dx Yz TV adr
= (sinz)(—sinx) + (cosz)(cosx)

= —sin?z +cos’x
= cos’x —sin’zx

= cos(2z).

Exercises 1.5.1

d
Q1 Find d_y of the following functions:
x

1

(i) y = (72° + 3x) xz—x—i-;)

. 1
(i) y = ;—?) (2 + 3x).
(iii) y = (2* + 2%) sin .

(iv) y = z3e®.

(v) y=e€e"Inz

(

16
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(vii) y =sin zInz.

1
(viii) y = (x2 +x+ —) Inz.
x

3.5.2 The Quotient Rule
The Quotient rule is :

dy v‘;—’; - uj—z
If y = —, then . 2
(22 + Tx + 3) dy
E le 3.38 Ify=-——F-—-—=- d—.
xample fy 13 fin o
du dv
dy Vg — Uy
dz v?
(@ +3)2e+7) — (2 + Tz + 3)(22)
a (22 + 3)?
o 22° + T2 + 62 + 21 — {227 + 142° + 6z}
N (22 4 3)2
22 4+ Ta? 4 6z + 21 — 22° — 142% — 6z
B (22 4+ 3)?
B —72% + 21
GRS
sin dy
Example 3.39 Ify = , find —=.
ev dx
dy _ v —ui
dx v?
~ (e")(cos ) — (sinx)(e?)
N (e*)?
e’ cosx —e’sinw
- e2z ’
sin x dy
Example 3.40 If y = , find —=.

Inz dx
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Exercises 1.5.2

d
Q1 Find % of the following functions:

_r+3
o+ 1

2 +1
COS T

efﬁ
Inz

cos

x> —3r+1

dx

3.5.3 The Chain Rule

First let’s remind ourselves of some basic rules of differentiation.

(Inz)(cosz) — (sinz) (1)

(Inx)?

coszlnz — (S’%)

(Inz)?

dy /
orf(x — orf'(x
y orf(x) 7 orf (z)
xn n - xn—l
k 0
sin x COS T
Ccos T —sin x
1
Inz —
T
e* er

18

The question that arises is, what if there was a more complex function and we wanted to differentiate
it. We could not use any of the basic rules listed above. In this case we would need the chain rule:
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Ify = f(g(x)), then — = f'(g(x)) - ¢'(=).

d
Example 3.41 Ify = (2% +2)3, find d—y
x

It is clear at this point that we can’t use one of the basic rules to differentiate y. Thus we have to
use the chain rule. Here’s a few steps to apply the chain rule:

(1) Identify a basic rule from the given question. In the above example, we would identify the z™
as the basic rule. i.e. y = (W), where B = 2% + 2.

(2) Look at the basic rule and the given question and determine what x has been extended to. In
the above question, the basic rule is 2 and the question is y = (2% +2)3, thus z has been extended
to 22 + 2. In other words, g(z) = 2% + 2.

(3) The chain rule says differentiate using the simple rule anyway, however multiply by the derivative
of what x has been extended to (g(x)). In this question y = (22 +2)3. Now when we use the simple
rule, we get f'(g(z)) = 3(2* + 2)2. The derivative of g(z) is ¢’(z) = 2z. Therefore

dy _ 2 s d o 2 2 _ 2 2
o =3(z"+2) dx(x +2) = 3(z° +2)°(22) = 6x(z” + 2)

d
where d—({E2 +2) is the derivative of x? + 2.
x

d
Example 3.42 Ify = (2" + 2+ 7)%, find d—y
x

It is clear at this point that we can’t use one of the basic rules to differentiate y. Thus we have to
use the chain rule.

(1) In this example, we would identify the x™ as the basic rule. i.e. y = (B)%, where B = 2" +x+7.
(2) In this question z has been extended to z7 + x + 7, thus g(z) = 2" + 2 + 7.

(3) In this question y = (27 + z + 7)%°. Now when we use the simple rule, we get f'(g(x)) =
90(x” + x + 7)%. The derivative of g(z) is ¢’(z) = 72° + 1. Therefore

d d
Y W@ +x+7)% —(@"+2+7) =90z + 2+ 7)¥(72° + 1).
dx dx
1 dy
Example 3.43 [fy = m, ﬁnd %

First we rewrite y as y = (23 +z)7%. Tt is clear at this point that we can’t use one of the basic rules
to differentiate y. Thus we have to use the chain rule.

(1) In this example, we would identify the " as the basic rule. i.e. y = (W)™, where B = 2 + z.
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(2) In this question g(x) = 23 + .

(3) In this question y = (z3+x)~3. Now when we use the simple rule, we get f'(g(z)) = —3(z*+xz)™%.
The derivative of g(x) is ¢'(x) = 32 + 1. Therefore
dy

d
Y _ 9.3 -4 @ 3 _ _a(.3 “4(3,2 4 1) =
o 3(x° + ) da:(x + ) 3’ +2) (327 + 1)

—3(3z% + 1)
(23 + )t

Example 3.44 [f y = sin(2x), find Z—y
x

It is clear at this point that we can’t use one of the basic rules to differentiate y. Thus we have to
use the chain rule.

(1) In this example, we would identify the sinz as the basic rule. i.e. y = sin(H), where B = 2x.
(2) In this question g(x) = 2.

(3) In this question y = sin(2x). Now when we use the simple rule, we get f’(g(x)) = cos(2z). The
derivative of g(z) is ¢'(x) = 2x. Therefore

dy d
o= cos(2x) - %(21') = cos(2x)(2) = 2 cos(2x).

d
Example 3.45 [fy = cos(x* +4), find d_y
T

It is clear at this point that we can’t use one of the basic rules to differentiate y. Thus we have to
use the chain rule.

(1) In this example, we would identify the cos z as the basic rule. i.e. y = cos(H), where B = 2% +4.
(2) In this question g(x) = z* + 4.

(3) In this question y = cos(z* + 4). Now when we use the simple rule, we get f'(g(z)) =
—sin(z* + 4). The derivative of g(z) is ¢/(x) = 423. Therefore

d d
d_i/; = —sin (2* +4) - %(af" +4) = —sin (2* + 4)(42®) = —42%sin (2* + 4).

d
Example 3.46 Ify=1In(z>+x +7), find d_y
x

It is clear at this point that we can’t use one of the basic rules to differentiate y. Thus we have to
use the chain rule.

(1) In this example, we would identify the In z as the basic rule. i.e. y = In(H), where B = 2?4z +7.

(2) In this question g(z) = 22 + 2 + 7.
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(3) In this question y = Inz? + x + 7. Now when we use the simple rule, we get f'(g(x)) =
—( Tyt The derivative of g(z) is ¢'(z) = 2z + 1. Therefore
2+

dy 1 d

2
e 7) =
v~ @ratn an® Tt

d
Example 3.47 Ify = e™, find d_y
T

It is clear at this point that we can’t use one of the basic rules to differentiate y. Thus we have to
use the chain rule.

(1) In this example, we would identify the e as the basic rule. i.e. y = ™ where B = 72°.

(2) In this question g(z) = 7x°.

Tx®

(3) In this question y = €. Now when we use the simple rule, we get f'(g(z)) = e™’. The
derivative of g(z) is ¢'(z) = 35x*. Therefore

d d
d—z =™ %(7:1:5) = 67’35(35904) — 355%™

d
Example 3.48 If y = sin®(22% + 3), find d—y
x

Here is an example of a question where you have to use the chain rule twice. First rewrite y as
y = (sin(2z? + 3))? It is clear at this point that we can’t use one of the basic rules to differentiate
y. Thus we have to use the chain rule.

(1) In this example, we would identify the 2" as the basic rule. i.e. y = (B)?, where B = sin(212+3).
(2) In this question g(x) = sin(2z? + 3).

(3) In this question y = (sin(2z? + 3))2. Now when we use the simple rule, we get f'(g(z)) =
2(sin(22% + 3))*. Therefore

dy .. 2 1 i : 2
T 2(sin(22° + 3)) daj(sm(2x +3)).

d
Clearly we have to apply the chain rule to calculate d—(sin(Qx2 +3)).
T

i(sin(zsc2 +3)) = cos(22* + 3)£(2x2 +3).

dx dx
Therefore
d d
ﬁ = 2(sin(22” + 3)) (cos(20” +3)) (227 +3)

d
= 2(sin(22” + 3))(cos(22* + 3)) (4x)
= 8wsin(22? + 3) cos(22* + 3).
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Exercises 1.5.3

Q1 Find j_y of the following functions:
x

v) y = cos (z° + 2% + 1).
vi) y = In(2? + 2x).
vii) y = ete* et

viii) y = cos® (222 + 2 + 7).

3.6 Implicit Differentiation

d
Normally we are given y = f(z) (i.e. y in terms of x) and we then find d_y using the rules from
X

before. However there exists functions where we can’t express y in terms of z. For example if we
take the function 22 4 zy + y? = 13, we can’t manipulate this formula for y. In these situations we

use Implicit Differentiation to find d—y The rules for Implicit Differentiation are :
x

(1) Differentiate both = and y the same way on both sides of the equal sign.
d
(2) When you differentiate y, multiply by d_y
x

d
Example 3.49 If 2% + zy + y? = 13, find d_y
T
2?2 +ay+y? =13

20+ (@) (32) + )+ 20 () =o.

When we differentiate 22, we get 2x. When we differentiate zy, we have to use the product rule to

d d
get ((z)(1) <£) + (y)(1)). When we differentiate y?, we get 2y (d—i> because we differentiate y

. When we differentiate 13, we get 0. Now at this point we have to manipulate for d—y
x

dy dy
2 — 2l == ) =
x+x<d$)+y+ y(dx> 0
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dy dy\
x<%)+2y (%) = 2x—vy

dy
2) (=2) = —20-—
(z + y)(dx> -y
@ . 2x—y
dr x4+ 2y

d
Example 3.50 If 2® — zy + y* = 10, find d—y
T

3 —ay+y? =10

dx
(—x+2y)( ) =y — 3z?
dy  y— 32
dv  —x+2y
dy

Example 3.51 If 2* — 2%y3 + y® = 15, find T
x
ot — 2% 3 =15

1~ (@) (52) + o)) + 307 () =0

dy dy
12— 3a2y? (L) w20 132 (L) =0
x (xy(dx>+a:y)+y<dx)
<d
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Exercises 1.6

Q1 Find j_y of the following functions:
x

(i) 2% + 2y + ¢y = 11.
(ii) 2* — zy + y* = 100.
(iii) o3 — 23y + y3 = 4.

3.7 Parametric Differentiation

It is often necessary to find the rate of change of a function defined parametrically; that is, we want

to calculate d_y when both y and z are functions of the parameter ¢, i.e. y = y(x) and x = z(t),
x

d
respectively. Provided that d—f # 0, here’s the Parametric Differentiation rule:
dy &y
If y = y(z) and © = z(t), then — = 4.
de %
3 2 dy
Example 3.52 Ifx =t +t andy =2 —t, find T
x
. . dy dx
In this example both y and x are in terms of the parameter t. We have to calculate I and e
d d
d_:zf =3t + 1 and d_i = —2t" Therefore
d
dy _ &
dx
dx %
dy —2t
de 3241
dy 2t
de 3241

d
Example 3.53 If v = cost and y = —sint, find d—y
x

d dx
Here both y and x are in terms of the parameter ¢. Thus we have to calculate Y and &2 that is

P P dt dt
9__ sint and @ _ cost. Therefore
dt dt
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d
dy &

dx
dx o
dy —sint
dr ~ —cost
dy  sint
dx  cost’
dy
— = tant.
dz

Exercises 1.7

d
Q1 Find d_y for the following curves:
x

(i)z=1t> and y=1>—1t.
(ii) 2 = 3cost and y = 3sint.
(iii) 2 =t 4+t and y=1t— 1t

3.8 Logarithmic Differentiation

Sometimes, differentiating a function following the product rule or the quotient rule could result in
a fairly messy expression for the derivative. We can simplify things by taking logarithms of both
sides before differentiating the equation. Given that y = f(x) we take the natural logarithm on
both sides, remembering to take absolute values, i.e. In|y| = In|f(x)|. Then we differentiate both
sides using Implicit Differentiation. Here’s the Logarithmic Differentiation rule:

_ 1 dy _ [f'(x)
Ify_f(:c),theng-%_ o)

d
Example 3.54 Ify = 23(1+ z)?, find d_y using Logarithmic Differentiation.
T

In this example we have to use Logarithmic Differentiation. The first step is to take the logarithms
of both sides, i.e. In|y| = In|23(1 + x)?|. The next step is to simplify the expression on the right
hand side using the logarithmic identities. In this example

Injy| = In|z*(1+2z)?|
Inly| = 2’| +In|(1+ )’
Injy] = 3njz|+2In|(1+2)|.

Now we differentiate both sides, using Implicit Differentiation.
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L dy 3 2

y dr oz x+1
d 3 2
dy _ 3y 2%
dx r x+1

d
We want d—y in terms of z. Thus we replace y with z*(1 + z)?.
T

dy 3(3(1+2)?)  2(23(1 +2)?)
-7 _ +

dx T z+1

dy

i 3(2*(1 + 2)%) + 2(z*(1 + ).

d
Example 3.55 Ify=2", © > 0, find d_y using Logarithmic Differentiation.
x

In this example we have to use Logarithmic Differentiation. The first step is to take the logarithms
of both sides, i.e. In|y| = In |2”|. The next step is to simplify the expression on the right hand side
using the logarithmic identities. In this example

Inly] = In(z%)

Inly] = zlnz.

Now we differentiate both sides, using Implicit Differentiation.

1 dy 1
2.2 = 24 (1)
L de x x—i—()nx
d
G- x-g—l—ylnx
dz x
d
ﬁ = y+ylnzx
d
% = y(1+1Inz).

d
We want d_y in terms of x. Thus we replace y with x*.
x

dy

Exercises 1.8

d
Q1 Find d_y of the following functions, using Logarithmic Differentiation:
x
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() y= (- 1)t
(ii) y = 2322 + 1)%
(1) y = (x)"

3.9 Equation Of A Tangent Line

3.9.1 Slope Of A Tangent Line

d
In general d_y is a formula for calculating the slope of a tangent line to a curve at any point. Thus
x

d
to find the slope of a tangent to a curve at a specific point, we simply sub in for z (and y) in d_y
x

Tangent line to the curve y = f(x)

y = f(x)

(22 + 72+ 3)

Example 3.56 Ify = EE)
x

, find the slope of the tangent to the curve at the point (0,0).

Using the quotient rule,

dy —Tz? + 21

der —  (22+43)%°

Now to find the slope of the tangent to the curve, we simply sub in the z-coordinate of (0,0)
d
(which is 0) into d_y Let’s call m the slope of the tangent to the curve. Then
x

d
m = d—i atz =0
—72% + 21
= m atx =0
—7(0)% 421
((0)>+3)?
+21

9

wl
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Example 3.57 If 2? + xy + y* = 3, find the slope of the tangent to the curve at the point (1,1).

Using Implicit Differentiation,

dy —2r—y
dr  x+2y

Now to find the slope of the tangent to the curve, we simply substitute the z-coordinate and the

d
y-coordinate of (1,1) ( which is 1 and 1, respectively) into d_y Let’s call m the slope of the tangent
x

to the curve. Then

Exercises 1.9.1
Q1 Find the slope of the tangent lines of the following functions at the corresponding points:

(i) 2® +zy —y*=1at (1,1).

3
(ii) y = i;l at (1,2).
¢ —3xr+1
(111) Yy = 352—4_1 at (0, 1)

3.9.2 Equation Of A Tangent Line

In general the equation of a line who'’s slope is m and that passes through a point (z1,y;) is :

(Y —y1) = m(z —21).

(2% + Tz +3)

Example 3.58 If y = 7+ 3)
x

(0,0).

, find the equation of the tangent to the curve at the point
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7 7
We know from the previous section that the slope of the tangent line is 3" ie. m= 3 Let z1 be

the x-coordinate of (0,0) and let y; be the y-coordinate of (0,0) and we get the equation of the
tangent line is:

7
(y—0) = 5(z—0)

7

= —x

3

3y =Tx

Tr — 3y =

Example 3.59 If 22 +xy+y* = 3, find the equation of the tangent to the curve at the point (1,1).

We know from the previous section that the slope of the tangent line is —1. i.e. m = —1. Let a3
be the x-coordinate of (1, 1) and let y; be the y-coordinate of (1,1) and we get the equation of the
tangent line is:

(y — 1) = m(x — z1)
(y—1)=-1(z-1)
y—1l=—-x+1
r+y—2=0.

Exercises 1.9.2
Q1 Find the equation of the tangent lines of the following functions at the corresponding points:

(i) 2® +zy —y* =1 at (1,1).

3
(i) y = i; at (1,2).
¢ —3xr+1
(111) Yy = :L'z——l—l at (07 1)

3.10 Maximum and Minimum Points of a Curve

Consider the function



CHAPTER 3. DIFFERENTIATION 30

The maximum and minimum points of the curve, if any, are where the slope of the tangent of the
curve is 0.

dy _

0
dx

dy
2 =0
dz

Thus to determine the maximum and minimum points of a function :

Let d_y =0 and solve for =z.

dx

d
To determine whether a point (for which d—y = 0) is a maximum or a minimum, substitute the
x
2

corresponding values of x into d—z and if
x

2
. JE——
dx?

2

* da?

> (0 at the point, then the point is a minimum.

< 0 at the point, then the point is a maximum.

2

Also to determine the points of inflection, we simply let d—g = (0 and solve for z.
x

Example 3.60 Find the minimum point of the quadratic y = x* — 2x — 3.

First find @ and let @ = 0.
dx dx

d d
—y:2x—2andwhenwelet—y:O,Weget2x—2:0,thatisle.
dx dx
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We know by the shape of this quadratic that this is a minimum point (i.e. U-shaped curve).
2

However we can confirm this by finding d_g; (which is just the derivative of the first deriva-
x
2

tive). = 2 which is greater than 0. Therefore it’s a minimum point. Now we need to find

da?
a corresponding y-coordinate for x = 1. We do this by subbing z = 1 back into our original y.

y=f1)=1)?%?-21)-3=1-2-3=—4.

Therefore the quadratic y = 2 — 22 — 3 has a minimum point at (1, —4).

Example 3.61 Find the maz/min points and the points of inflection of the function
y = 2® — 622+ 92 + 1. Hence roughly sketch the curve.

First find @ and let @ = 0.
dx dx
d d
el = 32% — 120 + 9 = 0 and when we let el =0, we get
dz dz
322 — 122 +9=0
2 —4r+3=0
(x—1)(x—=3)=0
r=1orx=3.
d*y L . . dy %y
Then find — and determine its sign at the points for which —— = 0. We have — = 6x — 12.
dx? dx dx?

d2
d—;é(atle) —6(1)—12=—6<0

. The curve has a max point at x = 1.

d2
d—x‘z(atx:?)) =6(3)—12=6>0

*. The curve has a min point at x = 3.

2

d
Also let d—‘z = 0, then & = 2. Therefore y has a point of inflection at z = 2.
x

Now we have to find corresponding y-coordinates to the x-coordinates of x =1, z =2 and x = 3.

y=/,(1)=1)P*-61)2+91)+1=1-6+9+1=5. Therefore y = 2* — 62> + 9z + 1 has a
maximum point at (1,5).
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y=f(2)=(2)3-6(2?+9(2)+1=8—24+18+1 = 3. Therefore y = 2* — 622 + 92 + 1 has a
point of inflection at (2, 3).

y=f(3)=(3)2-6(3)2+9(3)+1=27—54+27+ 1= 1. Therefore y = 2° — 622 + 92 + 1 has a
minimum point at (3,1). Here’s a rough sketch of the function:

y=1a%—6x+9r+1

Exercises 1.10
Q1 Find the maximum point of the quadratic y = 4 — 2.

Q2 Find the max/min points and points of the following functions (also roughly sketch the
functions):

(i) y =23 —32% — 92 + 9.

(it) y = 23 — 622 + 9z + 1.
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3.11 Answers

Exercises 1.1.1
1 3

Q1 (i) 5, (if) 8, (iii) i (i) 5, ()2, (v) 5.

Exercises 1.1.2

B~ w

Q1 (i) 7, (#4) 5, (iid) =, (iv) 12.

Exercises 1.1.3

1

QL (i) 2 (i6) -, (idd) + o0, (i) + o0, (v) 5, (vi) 0.

1
2
Exercises 1.2
Q1L () y =1, (i) y =4, (i) y =1, (iv) y =3, (v) y =4z, (vi)y =4z — 1.
Exercises 1.5

57

12 4 15 1 2 1
(v)y =

4 7
Q1 (i) y =725 -5 — —, (i1) y = 5" — 3sinx + 4cosx — be?, (i) y = 8x" + p

/

(iv) y =

I S 2x3/2 3p4/3 + Ag5/4°

Exercises 1.5.1

3
Q1 (i) v = 492° —422° + 2823 + 922 — 6z, (ii) ¥ = 1+ —;, (iit) v = sinx (42®+32?) +cos x (z* +23),
T

2
1 :

(iv) ¥y = 2?3+ ), (v) Yy =€ (— + 1) , (vi) Yy = €e*(sinx + cosx), (vii) ¥y = coszlnx + smx’
x

X

1 1
(viit) iy = (Qx—i—l——Q) Inz+z+1+ .
x T

Exercises 1.5.2

QL (i) of — - f - (i) of — 5())5;2_'__1;2)7 (i) 3 = _sin:p(—gl—ggcos:zc7 (iv) of = cos:v;—czzsszir;x Inx
Exercises 1.5.3
Q1 (i) y = 3(2" + 72%)? (725 + 2122), (i) v = 10(2® + 2?2 + 2 + 7)° (322 + 22 + 1),
(ii1) v = —%, (iv) y = 4cosdz, (v) Yy = —(32% + 2z + 1) sin(2® + 2% + z),
2x +2

, (vid) y' = (202" + 1) e’ +ort,
T
(viii) y' = —3(4x + 1) sin(22® + x + 7) cos* (222 + z + 7).

Exercises 1.7
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Ldy  2t—1 . dy ody 2Vt —1
Q (Z> d.T 3t2 Y (ZZ> d.T €O ? (ZZZ) dx 2\/%_’_1
Exercises 1.8
| dy o4 3 o . dY 4.3 2
Q1 (i) d——2:1c (x = 1) +4a’(z — 1)7, (i) d——4x 2z +1) 4+ 3272z + 1),
T T

(i17) Y 2@ Ve (1 + zlnw).

Exercises 1.9.1

Q1 (i) m =4, (ii) m = —%, (7i1) m = —3.
Exercises 1.9.2

Q1 (i) y =4z — 3, (i) 2y +x =5, (14i) y + 3z = 1.
Exercises 1.10

Q1 (0,4) is a maximum point.

Q2 (i) (3,—18), is a min point, (—1, 14) is a max point, (1, —2) is an inflexion point,
(1) (3,—26), is a min point, (—1,6) is a max point, (1, —2) is an inflexion point.
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