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Chapter 2

Eigenvalues & Eigenvectors

2.1 Eigenvalues

Definition 2.1 Let A be an X n. A non-zero vector v € R" is called an eigenvector of A if and
only if there exists a number A € R such that

Av = \v.

If such a number X exists, it is called an eigenvalue of A. The vector v is called the corresponding
eigenvector to the eigenvalue of .

Example 2.2 Let A = (_21 _54>, A=-3and v = ( : ) Then

can= (3 0) () -(5)
° \=-3 (_11) B (_33>'

. : ‘ : . . 1
Therefore A = —3 is an eigenvalue of A with a corresponding eigenvector of v = (_1).

Consider Av = Av. Now

Av = v
Av—-JAv=0
(A= X)v=0.
The above equation has nontrivial solutions if and only if |A — AI| = 0. Thus to calculate the

eigenvalues of the matrix A we let |A — AI| = 0 and solve for A. Let P(\) = |A — AI|. Then P()\)
is called the characteristic polynomial of A.
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Example 2.3 Let A = (_1 4

). Calculate the eigenvalues of the matriz A.
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Solution. First we form the matrix (A — AI), then we solve |[A — AI| = 0.

o (A=) = (_21 _54) —A (é (1)) = (_21 _54) - (é g) = ((2__1» (—45— )

A= M| =0
(2—\) 5
—1  (—4-))
(2= A)(=4=X) = (5)(-1) =0
—8 =22 +4N\+ X +5=0
M 4+22-3=0
A+3)(A=1)=0
A =-3 M=1.

-

Note that in this example the characteristic polynomial of A is P(\) = A? 4+ 2\ — 3.

1 2 -1
Example 2.4 Let A= 2 3 2 |. Calculate the eigenvalues of the matriz A.
~1 -1 -3
Solution. First we form the matrix (A — AI), then we solve |A — AI| = 0.
1 2 -1 100 1-) 2 ~1
e A-AD)=[2 3 2 |=-xlo10|l= 2 @B-N 2
-1 -1 -3 00 1 ~1 1 (=3-2))
[ ]
|A— | =
CLB=n 2 ]2 2 | ]2 B-N|_
=N o] 720 (- "M o |70

(1=N[B=N(=3-X)+2—22(-3-N)+2] - 1[-2+(B3-XN)]=0
(1—=NA =7 —2[-4—-2\-[1 =X =0

AN+ N+ 120 =0

AN =X —=12)=0

“AA+3)(A—4) =0

AM=0 d=-3 A3=4.

Exercises 2.1

)
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Q1 Let A= ( 0 1) , B= (2 2 ) , O = (1 2) . Calculate the eigenvalues of the matrices A,

-2 3 5 —1 4 3
B and C.
-2 —4 2 1 1 0
Qlet D=|-2 1 2| and E= [0 2 0]. Calculate the eigenvalues of the matrices D
4 2 5 0 -1 4
and

2.2 Eigenvectors

Let A be an n X n matrix with an eigenvalue of A and v € R" is the corresponding eigenvector to
the eigenvalue of A\. Recall the following equation holds:

(A= X)v=0.
Thus we calculate the corresponding eigenvector to an eigenvalue of A by solving (A — AI)v = 0 for
ayj; a1 aiz ... Qip U1 0
Q21 Q22 dAg23 ... Q2p Vg 0
veR" Let A= | @31 32 a3z ... A3p | v = | U3

and 0= [0 |. Then (A — X)v =0 is

nl Gp2 Gpz ... Gy Un 0
equivalent to solving:

((111 - )\) a12 a13 . QA1 0

a921 <a22 — /\) 23 e Qon, 0

(A_)\])V:0<:> asi aso (agg—/\) asn 0
an1 U2 Un3 coe (@ —A) |0

2 5

Example 2.5 Let A = (_1 4

)\1 =-3 and)\gzl.

). Calculate the eigenvectors corresponding to the eigenvalues of

. B 2-2 5 o
Solution. Now (A —A)v=0—= ( 1 (4= |0 )

.)\1:—3

5 510
(2 200)~ (G slo)~(1 1)
~zr+y=0

The eigenvector Zj) must satisfy x +y = 0. There are infinite sets of values that satisfy this

equation. So we choose suitable values for x,y. For example, let x = 1, then y = —1. Thus

()= ()
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Therefore the eigenvector corresponding to the eigenvalue of A\; = —3 is vy = (_11)
° )\2 =1

(L 3[0)~(1sl0)

~z+5y=0
~x = —Hy.

Now we choose suitable values for x,y, satisfying x = —5y. Let y = 1, then z = —5. Thus
x\ (-5
y) \1)°

Therefore the eigenvector corresponding to the eigenvalue of Ay =1 is vg = <_5).

1
)
1 2 -1
Example 2.6 Let A= | 2 3 2 |. Calculate the eigenvectors corresponding to the eigenval-
-1 -1 -3
ues of Ay =0, Ao = —3 and \3 = 4.
(1=X) 2 -1 0
Solution. Now (A —A\)v=0= 2 (3—2X) 2 0
-1 -1 (=3—=X) 1|0

For the purpose of this text, we assume that we have distinct eigenvalues. Hence we perform
row operations until we reach the form
1 0 |0
01 |0 /)"
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L )\1 =0
1 2 —-1]0 1 2 —-11]0
2 3 210 ]|~123 210
-1 -1 =30 1 2 —-11]0 r3 4T
1 2 —-11]0
~1 23 210
0 0 0 0 s —T1
1 2 —-11]0
23 210
1 2 —-11]0
11 3 0 o — T
01 —410 rL— To
11 310
01 —410
1 0 7 0 o — T
1 0 710 1> T
01 —410
r+72=0
y—4z =0
r=—"Tz
y=4z
x
The eigenvector | y | must satisty x = —7z and y = 4z There are infinite sets of values that
z

satisfy these equations. So we choose suitable values for z,y, z. For example, let z = 1, then
y=4and z = —7. Thus

x -7
yl =14
z 1
-7
Therefore the eigenvector corresponding to the eigenvalue of Ay =0is vy = | 4

1
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[ ] )\2 = —3
4 2 =110 10 10 010 2r; + 1y
2 6 20|~ 2 6 2|0
-1 -1 010 -1 -1 010
2 6 20
-1 -1 010
1 3 1[0 in
-1 -1 010
0 110 ™ + T9
-1 -1 010
02 1|0
1 1 0/0 ) rox(-1)
204 2z =
r+y=0
z=—2y
=Y
As explained above, we choose suitable values for z, vy, z, satisfying z = —2y and x = —y. Let
y =1, then z = =2 and x = —1. Thus
T —1
yl =11
z -2
-1
Therefore the eigenvector corresponding to the eigenvalue of Ay = =3 is vo = | 1
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® )\3 =4
-3 2 —-110 9 -6 3 |0 r1 X (—=3)
2 -1 20|~ —-10 5 —-10|0 ro X (—5)
-1 -1 =710 -1 -1 =710
9 -6 3|0
~ -1 -1 =710 T2 + (a1
-1 -1 =710
9 -6 3|0
-1 -1 =710
3 =2 1 |0\ r/3
-1 -1 =710
5 0 1510\ r1—2ry
-1 -1 =710
10 3]0\ m/5
-1 -1 =710
1 0 310
0 -1 =410 ) ro+mr
T+ 3z =
y—4z =
T =—3z
y = —4z
Again we choose suitable values for x,y, z, satisfying x = —3z and y = —4z. Let z = 1, then
xr=—3 and y = —4. Thus
x -3
y| =14
z 1
-3
Therefore the eigenvector corresponding to the eigenvalue of A\3 =4 is vg = | —4
1

Exercises 2.2

Q1 Let A= (_02 :1))) , B= <§ _21 , O = 411 ?) . Calculate the eigenvectors corresponding to

the eigenvalues computed in Exercise 2.1 of the matrices A, B and C.

-2 —4 2 1 1 0
Q2Llet D=[-2 1 2] and E= [0 2 0]. Calculate the eigenvectors corresponding to
4 2 5 0 —1 4

the eigenvalues computed in Exercise 2.1 of the matrices D and E.
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2.3 Diagonalization

Let A be a square matrix, then there exists an invertible matrix £ and a diagonal matrix D such
that

AE =ED
where F is a matrix consisting of the eigenvectors of A and the eigenvalues of A are the diagonal
N O - 0
0 X -+ 0
entries of D (ie. E = |vy vy -+ v, | D= . s {vi,vo,...,v,} are the
0 0 - )\,
corresponding eigenvectors of the eigenvalues {\1, Ao, ..., A\, } of A.
If we manipulate the above equation for D,
ED = AFE
E'ED =E'AE
ID =E'AE
D =E'AE.

Example 2.7 Let A = ( 2.9 ), diagonalize A.

-1 —4
Solution. We know (from Example 2.3 and 2.5) that the two eigenvalues of A are A\; = —3 and \y =
1 and the 2 corresponding eigenvectors are vi = (_11> and vg = (_15) Thus F = (_11 _15)

and

1
D=FE'AE = —FE*AFE
|E|

:(—11 _15)_1 (—21 —54> (—11 _15)
:<1><1>—t—5><—1> G ?) (—21 —54) (—11 _15)
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1 2 -1
Example 2.8 Let A= | 2 3 2 |, diagonalize A.
-1 -1 -3
Solution. We know (from Example 2.4 and 2.6) that the three eigenvalues of A are \; = 0,
-7 -1
Ao = —3 and A3 = 4. Also the three corresponding eigenvectors are vy = | 4 |, va=| 1 and
1 -2
-3 -7 -1 -3
vg=|—-4]. Thus F=| 4 1 —4] and
1 1 -2 1
—1 1 *
D=F "AF = —FE'AE
|E]
1 -7 7 7 1 2 -1 -7 -1 -3
=3 -8 —4 —40 2 3 2 4 1 —4
4 \9 —15 3/ \-1 -1 3/ \1 —2 1
1 0 0 0 -7 -1 -3
=% 24 12 120 4 1 —4
—36 —60 —12 1 -2 1
1 0 0 0
=% 0 —252 0
0 0 336

0
-3 0
4

1 0 0
=10 X O
0 0 As

Exercises 2.3

Q1 Let A = ( 0 1) , B = (2 21) , C = (1 2) . Diagonalize the matrices A, B and C.

-2 3 5 — 4 3
-2 —4 2 1 1 0
QLlet D=|-2 1 2]Jand E= |0 2 0]. Diagonalize the matrices D and F.
4 2 5 0 -1 4

2.4 Answers
Exercises 2.1

Q1 Matrix A: \y = —1, Ay = —2, matrix B: A\ = —3, A\ =4, matrix C: \y =5, \y = —1.
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Q2 Matrix D: \y =3, Ao = =5, A3 =6, matrix £: \y =1, \s =2 A3 =4.

Exercises 2.2

Q1 Matrix A: vq = (_11), Vo = (_12), matrix B: vi = <_25), Vo = G), matrix C: v = (;);

vo— (—11>.

-2 2 1 1 2
Q2 Matrix D: v = 3|, vo=|—-1],vy=|61], matrix B: vi = [0], vo = | 2],
1 1 16 0 1

V3 =

—_ o O

Exercises 2.3

a (30 5) (96 5)



