
Maths Notes for first year Engineers

2. Eigenvalues and Eigenvectors

Joe Gildea

Loukas Zagkos

c© 2018



Copyright

Material contained in this document, including text and images, is protected by copyright. It may
not be copied, reproduced, republished, downloaded, posted or transmitted in any way except for
your own personal, educational use. Prior written consent of the copyright holder must be obtained
for any other use of material. Copyright in this material remains with the copyright owner(s) as
specified. No part of this document may be distributed or copied for any commercial purpose.



Contents

2 Eigenvalues & Eigenvectors 3
2.1 Eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Eigenvectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Diagonalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.4 Answers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2



Chapter 2

Eigenvalues & Eigenvectors

2.1 Eigenvalues

Definition 2.1 Let A be a n × n. A non-zero vector v ∈ Rn is called an eigenvector of A if and
only if there exists a number λ ∈ R such that

Av = λv.

If such a number λ exists, it is called an eigenvalue of A. The vector v is called the corresponding
eigenvector to the eigenvalue of λ.

Example 2.2 Let A =

(
2 5
−1 −4

)
, λ = −3 and ~v =

(
1
−1

)
. Then

• A~v =

(
2 5
−1 −4

)(
1
−1

)
=

(
−3
3

)
.

• λ~v = −3

(
1
−1

)
=

(
−3
3

)
.

Therefore λ = −3 is an eigenvalue of A with a corresponding eigenvector of ~v =

(
1
−1

)
.

Consider Av = λv. Now

Av = λv

Av − λv = 0

(A− λI)v = 0.

The above equation has nontrivial solutions if and only if |A − λI| = 0. Thus to calculate the
eigenvalues of the matrix A we let |A− λI| = 0 and solve for λ. Let P (λ) = |A− λI|. Then P (λ)
is called the characteristic polynomial of A.

Example 2.3 Let A =

(
2 5
−1 −4

)
. Calculate the eigenvalues of the matrix A.
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Solution. First we form the matrix (A− λI), then we solve |A− λI| = 0.

• (A− λI) =

(
2 5
−1 −4

)
− λ

(
1 0
0 1

)
=

(
2 5
−1 −4

)
−
(
λ 0
0 λ

)
=

(
(2− λ) 5
−1 (−4− λ)

)
.

•

|A− λI| = 0∣∣∣∣(2− λ) 5
−1 (−4− λ)

∣∣∣∣ = 0

(2− λ)(−4− λ)− (5)(−1) = 0

−8− 2λ+ 4λ+ λ2 + 5 = 0

λ2 + 2λ− 3 = 0

(λ+ 3)(λ− 1) = 0

λ1 = −3 λ2 = 1.

Note that in this example the characteristic polynomial of A is P (λ) = λ2 + 2λ− 3. ♣

Example 2.4 Let A =

 1 2 −1
2 3 2
−1 −1 −3

. Calculate the eigenvalues of the matrix A.

Solution. First we form the matrix (A− λI), then we solve |A− λI| = 0.

• (A− λI) =

 1 2 −1
2 3 2
−1 −1 −3

− λ
1 0 0

0 1 0
0 0 1

 =

(1− λ) 2 −1
2 (3− λ) 2
−1 −1 (−3− λ)

.

•

|A− λI| = 0

(1− λ)

∣∣∣∣(3− λ) 2
−1 (−3− λ)

∣∣∣∣− 2

∣∣∣∣ 2 2
−1 (−3− λ)

∣∣∣∣− 1

∣∣∣∣ 2 (3− λ)
−1 −1

∣∣∣∣ = 0

(1− λ)[(3− λ)(−3− λ) + 2]− 2[2(−3− λ) + 2]− 1[−2 + (3− λ)] = 0

(1− λ)[λ2 − 7]− 2[−4− 2λ]− [1− λ] = 0

−λ3 + λ2 + 12λ = 0

−λ(λ2 − λ− 12) = 0

−λ(λ+ 3)(λ− 4) = 0

λ1 = 0 λ2 = −3 λ3 = 4.

♣

Exercises 2.1
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Q1 Let A =

(
0 1
−2 3

)
, B =

(
2 2
5 −1

)
, C =

(
1 2
4 3

)
. Calculate the eigenvalues of the matrices A,

B and C.

Q2 Let D =

−2 −4 2
−2 1 2
4 2 5

 and E =

1 1 0
0 2 0
0 −1 4

. Calculate the eigenvalues of the matrices D

and E.

2.2 Eigenvectors

Let A be an n× n matrix with an eigenvalue of λ and v ∈ Rn is the corresponding eigenvector to
the eigenvalue of λ. Recall the following equation holds:

(A− λI)v = 0.

Thus we calculate the corresponding eigenvector to an eigenvalue of λ by solving (A−λI)v = 0 for

v ∈ Rn. Let A =


a11 a12 a13 . . . a1n
a21 a22 a23 . . . a2n
a31 a32 a33 . . . a3n
...

...
...

. . .
...

an1 an2 an3 . . . ann

, v =


v1
v2
v3
...
vn

 and 0 =


0
0
0
...
0

. Then (A − λI)v = 0 is

equivalent to solving:

(A− λI)v = 0⇐⇒


(a11 − λ) a12 a13 . . . a1n 0

a21 (a22 − λ) a23 . . . a2n 0
a31 a32 (a33 − λ) . . . a3n 0
...

...
...

. . .
... 0

an1 an2 an3 . . . (ann − λ) 0

 .

Example 2.5 Let A =

(
2 5
−1 −4

)
. Calculate the eigenvectors corresponding to the eigenvalues of

λ1 = −3 and λ2 = 1.

Solution. Now (A− λI)v = 0 =⇒
(

(2− λ) 5 0
−1 (−4− λ) 0

)
.

• λ1 = −3 (
5 5 0
−1 −1 0

)
∼
(

5 5 0
)
∼
(

1 1 0
)

∼ x+ y = 0

∼ y = −x.

The eigenvector

(
x
y

)
must satisfy x+ y = 0. There are infinite sets of values that satisfy this

equation. So we choose suitable values for x, y. For example, let x = 1, then y = −1. Thus(
x
y

)
=

(
1
−1

)
.
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Therefore the eigenvector corresponding to the eigenvalue of λ1 = −3 is v1 =

(
1
−1

)
.

• λ2 = 1 (
1 5 0
−1 −5 0

)
∼
(

1 5 0
)

∼ x+ 5y = 0

∼ x = −5y.

Now we choose suitable values for x, y, satisfying x = −5y. Let y = 1, then x = −5. Thus(
x
y

)
=

(
−5
1

)
.

Therefore the eigenvector corresponding to the eigenvalue of λ2 = 1 is v2 =

(
−5
1

)
.

♣

Example 2.6 Let A =

 1 2 −1
2 3 2
−1 −1 −3

. Calculate the eigenvectors corresponding to the eigenval-

ues of λ1 = 0, λ2 = −3 and λ3 = 4.

Solution. Now (A− λI)v = 0 =⇒

 (1− λ) 2 −1 0
2 (3− λ) 2 0
−1 −1 (−3− λ) 0

.

For the purpose of this text, we assume that we have distinct eigenvalues. Hence we perform
row operations until we reach the form (

1 0 • 0
0 1 • 0

)
.
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• λ1 = 0  1 2 −1 0
2 3 2 0
−1 −1 −3 0

 ∼
 1 2 −1 0

2 3 2 0
1 2 −1 0


r3 + r2

∼

 1 2 −1 0
2 3 2 0
0 0 0 0


r3 − r1

∼
(

1 2 −1 0
2 3 2 0

)
∼
(

1 2 −1 0
1 1 3 0

)
r2 − r1

∼
(

0 1 −4 0
1 1 3 0

)
r1 − r2

∼
(

0 1 −4 0
1 0 7 0

)
r2 − r1

∼
(

1 0 7 0
0 1 −4 0

)
r1 ↔ r2

∼ x+ 7z = 0
y − 4z = 0

∼ x = −7z
y = 4z

The eigenvector

xy
z

 must satisfy x = −7z and y = 4z There are infinite sets of values that

satisfy these equations. So we choose suitable values for x, y, z. For example, let z = 1, then
y = 4 and x = −7. Thus xy

z

 =

−7
4
1

 .

Therefore the eigenvector corresponding to the eigenvalue of λ1 = 0 is v1 =

−7
4
1

.
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• λ2 = −3  4 2 −1 0
2 6 2 0
−1 −1 0 0

 ∼
 10 10 0 0

2 6 2 0
−1 −1 0 0

 2r1 + r2

∼
(

2 6 2 0
−1 −1 0 0

)
∼
(

1 3 1 0
−1 −1 0 0

)
1
2
r1

∼
(

0 2 1 0
−1 −1 0 0

)
r1 + r2

∼
(

0 2 1 0
1 1 0 0

)
r2 × (−1)

∼ 2y + z = 0
x+ y = 0

∼ z = −2y
x = −y

As explained above, we choose suitable values for x, y, z, satisfying z = −2y and x = −y. Let
y = 1, then z = −2 and x = −1. Thusxy

z

 =

−1
1
−2

 .

Therefore the eigenvector corresponding to the eigenvalue of λ2 = −3 is v2 =

−1
1
−2

.
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• λ3 = 4  −3 2 −1 0
2 −1 2 0
−1 −1 −7 0

 ∼
 9 −6 3 0
−10 5 −10 0
−1 −1 −7 0

 r1 × (−3)
r2 × (−5)

∼

 9 −6 3 0
−1 −1 −7 0
−1 −1 −7 0

 r2 + r1

∼
(

9 −6 3 0
−1 −1 −7 0

)
∼
(

3 −2 1 0
−1 −1 −7 0

)
r1/3

∼
(

5 0 15 0
−1 −1 −7 0

)
r1 − 2r2

∼
(

1 0 3 0
−1 −1 −7 0

)
r1/5

∼
(

1 0 3 0
0 −1 −4 0

)
r2 + r1

∼ x+ 3z = 0
y − 4z = 0

∼ x = −3z
y = −4z

Again we choose suitable values for x, y, z, satisfying x = −3z and y = −4z. Let z = 1, then
x = −3 and y = −4. Thus xy

z

 =

−3
−4
1

 .

Therefore the eigenvector corresponding to the eigenvalue of λ3 = 4 is v3 =

−3
−4
1

.

♣

Exercises 2.2

Q1 Let A =

(
0 1
−2 3

)
, B =

(
2 2
5 −1

)
, C =

(
1 2
4 3

)
. Calculate the eigenvectors corresponding to

the eigenvalues computed in Exercise 2.1 of the matrices A, B and C.

Q2 Let D =

−2 −4 2
−2 1 2
4 2 5

 and E =

1 1 0
0 2 0
0 −1 4

. Calculate the eigenvectors corresponding to

the eigenvalues computed in Exercise 2.1 of the matrices D and E.
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2.3 Diagonalization

Let A be a square matrix, then there exists an invertible matrix E and a diagonal matrix D such
that

AE = ED

where E is a matrix consisting of the eigenvectors of A and the eigenvalues of A are the diagonal

entries of D (i.e. E =


...

...
...

v1 v2 · · · vn
...

...
...

 D =


λ1 0 · · · 0
0 λ2 · · · 0

· · · · · · . . .
...

0 0 · · · λn

, {v1,v2, . . . ,vn} are the

corresponding eigenvectors of the eigenvalues {λ1, λ2, . . . , λn} of A.
If we manipulate the above equation for D,

ED = AE

E−1ED = E−1AE

ID = E−1AE

D = E−1AE.

Example 2.7 Let A =

(
2 5
−1 −4

)
, diagonalize A.

Solution. We know (from Example 2.3 and 2.5) that the two eigenvalues of A are λ1 = −3 and λ2 =

1 and the 2 corresponding eigenvectors are v1 =

(
1
−1

)
and v2 =

(
−5
1

)
. Thus E =

(
1 −5
−1 1

)
and

D = E−1AE =
1

|E|
E∗AE

=

(
1 −5
−1 1

)−1(
2 5
−1 −4

)(
1 −5
−1 1

)
=

1

(1)(1)− (−5)(−1)

(
1 5
1 1

)(
2 5
−1 −4

)(
1 −5
−1 1

)
=

1

−4

(
−3 −15
1 1

)(
1 −5
−1 1

)
=

1

−4

(
12 0
0 −4

)
=

(
−3 0
0 1

)
=

(
λ1 0
0 λ2

)
.

♣
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Example 2.8 Let A =

 1 2 −1
2 3 2
−1 −1 −3

, diagonalize A.

Solution. We know (from Example 2.4 and 2.6) that the three eigenvalues of A are λ1 = 0,

λ2 = −3 and λ3 = 4. Also the three corresponding eigenvectors are v1 =

−7
4
1

, v2 =

−1
1
−2

 and

v3 =

−3
−4
1

. Thus E =

−7 −1 −3
4 1 −4
1 −2 1

 and

D = E−1AE =
1

|E|
E∗AE

=
1

84

−7 7 7
−8 −4 −40
−9 −15 −3

 1 2 −1
2 3 2
−1 −1 −3

−7 −1 −3
4 1 −4
1 −2 1


=

1

84

 0 0 0
24 12 120
−36 −60 −12

−7 −1 −3
4 1 −4
1 −2 1


=

1

84

0 0 0
0 −252 0
0 0 336


=

0 0 0
0 −3 0
0 0 4


=

λ1 0 0
0 λ2 0
0 0 λ3

 .

♣

Exercises 2.3

Q1 Let A =

(
0 1
−2 3

)
, B =

(
2 2
5 −1

)
, C =

(
1 2
4 3

)
. Diagonalize the matrices A, B and C.

Q2 Let D =

−2 −4 2
−2 1 2
4 2 5

 and E =

1 1 0
0 2 0
0 −1 4

. Diagonalize the matrices D and E.

2.4 Answers

Exercises 2.1

Q1 Matrix A: λ1 = −1, λ2 = −2, matrix B: λ1 = −3, λ2 = 4, matrix C: λ1 = 5, λ2 = −1.
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Q2 Matrix D: λ1 = 3, λ2 = −5, λ3 = 6, matrix E: λ1 = 1, λ2 = 2 ,λ3 = 4.

Exercises 2.2

Q1 Matrix A: v1 =

(
1
−1

)
, v2 =

(
1
−2

)
, matrix B: v1 =

(
2
−5

)
, v2 =

(
1
1

)
, matrix C: v1 =

(
1
2

)
,

v2 =

(
−1
1

)
.

Q2 Matrix D: v1 =

−2
3
1

, v2 =

 2
−1
1

, v3 =

 1
6
16

, matrix B: v1 =

1
0
0

, v2 =

2
2
1

,

v3 =

0
0
1

.

Exercises 2.3

Q1

(
−1 0
0 −2

)
,

(
−3 0
0 4

)
,

(
5 0
0 −1

)
.

Q2

3 0 0
0 −5 0
0 0 6

,

1 0 0
0 2 0
0 0 4

.


